September 11, 2026 MAT651 — Week 4 Justin Ko

1 Moments

The moments and central moments are numbers that encode the general shape and behavior of a
random variable.

Definition 1 (Moments). For each positive integer n, the nth moment of X is the number E[X"].

The most common moment is the first one, which we simply call the expected value. This measures
the typical value of the random variable.

Definition 2 (Central Moments). For each positive integer n, the nth central moment of X is the
number E[(X — E[X])"].

The most common central moment is the second one, which is called the variance. This measures the
spread of the random variable.

Definition 3 (Variance). The variance of X, denoted by Var[X], is the non-negative number
Var[X] =E [(X — E[X])?].
The variance is in the squared units, so the standard deviation defined by
SD(X) = v/Var[X]
measures the deviation in the original units.
The variance satisfies the following nice properties.

1. Equivalent formula I:
Var(X) = E[X?] — (E[X])>.

2. Equivalent formula II:
Var(X) = E[X(X — 1)] + E[X] — (E[X])?

3. Variance of Linear Functions: For any constants a,b € R,

Var(aX + b) = a* Var(X)

4. Variance of Linear Functions II: If X and Y are independent then

Var(X +Y) = Var(X) + Var(Y)

5. Zero Variance: Suppose a random variable X has E[X] = p and Var(X) = 0. This means, X
does not “vary” from its mean at all, and is constant with probability 1

Theorem 1
Var(X) = 0 if and only if P(X = E[X]) = 1.

Remark 1. The simple formulas to compute the variance is one of the main reasons why we use the
squared deviations in the definition of the variance over other measures of deviation. We will see later
that squared deviations match our natural ways of measuring distances, so it will allow us to build
some geometric intuition of results.

The remainder of this section is devoted to tricks and techniques to compute expected values.

Page 1 of 20



September 11, 2026 MAT651 — Week 4 Justin Ko

1.1 The Expected Value of Counting Random Variables

Whenever a random variable N takes values in {0,1,2,...,n}, we can use the linearity of expectation
to compute the expected values in another possibly simpler way. Suppose that N counts the number
of events Ay, As, ..., A, (that are not necessarily independent) that occurred, then

N = N(w)

n

(2

LweA) =) 1a,.
1 i=1

Therefore, by the linearity of expectation

n n

E[N] =Y E[la] =) P(4).
i=1 i=1
This trick is especially useful if the joint distribution is tricky to compute, but its marginals are
relatively simpler.

1.2 Moment Generating Function

So far we have seen that the distribution of a random variable can always be encoded by the CDF. If
we know that the random variable is discrete / continuous, then its distribution can alternatively be
encoded by the PMF / PDF. We now show that it is also possible to encode the distribution through
another object called the moment generating function provided that the moments of the random
variable do not grow too fast.

Definition 4 (Moment Generating Function). The moment generating function (MGF) of a random

variable X is given by the function
Mx (t) = E[e"*],

provided the expression exists in a neighbourhood of zero, say for t € (—a, a).

Remark 2. The MGF might not always exist. For example, if the a moments of E[X"] of X is infinite,
then the MGF will be divergent near zero. In higher level courses, you will encounter characteristic
functions or Fourier transforms which will always exist.

1.3 Properties
If X has finite support on {z1,...,z,} with PMF px, then

MX(t) = pX(xl)etml 4+ . +px(xn)etrn

so it is easy to read off the PMF given the MGF. We see that even for more complicated distributions
the MGF still encodes the distribution of the random variables.

Theorem 2 (Uniqueness Theorem)

If X and Y have MGFs Mx (t) and My (t) defined in neighbourhoods of the origin, and Mx (t) =
My (t) for all t where they are defined, then

4

X =Y.

The MGF is also computationally convenient since it can be used to recover the moments and compute
the distribution of the sums of independent random variables easily.
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1. Moments: The MGF encodes all the moments of X. Assuming that Mx(t) is defined in a
neighbourhood of t = 0,
ﬁMx(O) = E[X"] for all £ > 0.
This follows from Taylor’s theorem and linearity holds even with infinite sums provided that
Mx (t) is defined in a neighbourhood of t =0

M (t) = E {f} ”Xﬂ _y PER]

J! J!

=0 =0

Formally taking the kth derivative at 0 gives us the formula (see Problem 1.31 for a careful
proof).

2. Independent Sums: Suppose that X and Y are independent and have moment generating
functions Mx (t) and My (t) respectively. Then the moment generating function of X + Y is

Mxiy(t)=E (et(Xer)) =E (") E (") = Mx(t) My (t).

This is a useful property because the distribution of the sum of random variables can now be
easily computed (which required computing iterated sums).

1.4 Expected Value and Variance of Common Distributions

Distribution PMF / PDF Mean Variance
DUnif (a, b) e e ={a,a+1,...,b) ath (oatl)®-1
Ber(p) p*(1—p)'~*, 2€{0,1} p p(1—p)
Bin(n, p) Mp*(1—p)"~*, x=0,1,...,n np np(l —p)
Geo(p) (1-p)*p, z=0,1,2,... 1_Tp 1p_2p
. z+k—1 z _ k(1—p) k(1—p)
NegBin(k, p) ( . )pk(l—p) , x=0,1,2,... pp Tp
)\:ce—/\
Poi(\) — x=0,1,2,... A A
T N—r) L
Hyp(N,r,n) (x)((ﬁ)_m, max{0,n — (N —r)} <z < min{r,n} T ne (1— %) (%:’f)
Unif(a, b) ﬁ, a<z<b %H’ (bzg)z
Exp(6) e o, x>0 0 62
y——
N(p,0?) WerTEia SAC, zeR I o?

1.5 Moment Generating Functions of Common Distributions

1. Discrete Uniform: If X ~ DUnif[a, b] (discrete uniform) then

1

b
MX(t):mzefT for t € R

2. Binomial: If X ~ Bin(n,p) then

Mx(t) = (pe' + (1 —p))" fort € R
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3. Negative Binomial: If X ~ NegBin(k,p) then

k
Mx(t) = <1_(1PW) fort < —1In(1 —p)

4. Poisson: If X ~ Poi(\) then
Mx(t) = D for t € R

5. Continuous Uniform: If X ~ Unifla, b] (continuous uniform) then

bt _at

ey
My (1) = (b—a)t
x() {1 t=0

6. Exponential: If X ~ Exp(f) (waiting time parametrization) then

1
fort < —

1
Mx(t) =14 ]

EN|

. Normally Distributed: If X ~ N(u,0?), then
62t2
Mx(t) = et 2 fort € R

1.6 Example Problems
Problem 1.1. Consider two games
1. Game 1 pays $1 with probability  and —$1 with probability 3.
2. Game 2 pays $100 with probability 3 and —$100 with probability 3.

Let X denote the payoff of the first game and Y denote the payoff of the second game. What is the
mean and variance of X and Y?

Solution 1.1. This example demonstrates the necessity of the variance. Both games have the same
expected value, but their spread is very different, so the expected value is not enough to capture all
the interesting behaviors we care about. We have

=0  Var(X)=E[X? - (E[X])?=1-0%=1,

E[X]:+1é+(—1)é

and

=0  Var(Y)=E[Y? — (E[Y])? = 100? — 0% = 10000.

1 1
E[Y] = +100- 5 +(~100) - 5

Both games are fair game, but the variance of game 2 is much higher than the variance of game 1.

Problem 1.2. Consider the random variables
e X is ar.v. representing the outcome of one fair 6-sided die roll

e Y is a r.v. representing the number of phone calls over 1 minute at Lenovo call centre, with the
rate of 3.5 calls per minute

Compute the mean and variance of X and Y.
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Solution 1.2. We have that X ~ DUnif[1,6] and ¥ ~ Poi(3.5). Using the formulas for mean and
variance, we have
6> —1

~ 2.9
12

E[X] = 3.5, Var(X) =

while
E[Y] = 3.5, Var(Y) = 3.5.

This makes intuitive sense because both X and Y have the same mean, but the fact that Y can take
values on N while X can only take values on {1,2,...,6}, so Y should have larger variance even though
both random variables have the same mean.

Problem 1.3. Suppose that X has variance Var(X) = 2. Compute the variance of Y, where Y =
—2X + 3.

Solution 1.3. By the variance of linear maps,
Var(Y) = Var(—2X + 3) = (—2)? Var(X) = 8.
Problem 1.4. Let n > 1. Show that

I'(n) = /C><J y" e Vdy = (n — 1)

0
Solution 1.4. This follows from repeated integration by parts. Let n > 1, we have
o0
I'(n) = / y" e Vdy.
0

Integrating by parts we see that

L'(n) =/ yr ey = —y" e
0

n— - 20" Yy = (n — n—1).
Y 1>/Oy y = (n—1T(n - 1)

Repeating this inductively implies that
'n)=n—-1)I'n-1)=n-1)(n-2)Tn-2)=---=n-1)nN-2)---3-2.T(1) = (n—1)!
since I'(1) = 1 (using the fact that the integral of the PDF of X ~ Exp(1) is 1).

Remark 3. Notice that the integration by parts computation holds for o > 1 which are not necessarily
integer valued to conclude that I'(a)) = (a« — 1)T'(aw — 1). The problem is that the inductive step might
not lead to a nice number since I'(z) for < 1 doesn’t necessarily simplify.

Problem 1.5. A continuous random variable X is said to have a Gamma distribution with parameters
a > 0and g > 0 if it has PDF

_L__ao-1lomF 2>
x) = F(O‘)Bax € -
Ix(@) {O otherwise

Use the properties of the Gamma function, namely I'(a) = (o« — 1)I'(a — 1) for a > 1, to obtain E[X]
and Var(X).
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Solution 1.5. We can solve this problem without even knowing what the I'(a) function is. We use a
trick that we have used many times, which involves rewriting the expression as an integral of the PDF
which sums to 1.

Expected Value: By definition,
E[X] /OO L jotetyg /oo L oe 5y
= x - x* e x = — % x
0 I'(a)pe o I(a)p®

CACES 1 oy
- T(o) /0 I'(

=1 integral of the PDF of I'(a + 1, 3) r.v.

where we multiplied and divided by ST'(« + 1) to match the normalization terms. Using the recursive
property of the I' function, we see that

_ Bl(a+1)  Bal(a)
EXl = = Ty P

Variance: A similar computation as above implies that

> 1 ® o0 1 .
]E[X2] — / 56'2 . xa—lefg dr = / .’L'a+1€7§ dzx
0 0

I'(a) B> I'(a)B*
T(a+2 > 1 _=
_B F((oz) ) /0 F(a+2)ﬁa+2xa+1e 5 dx
=1 integral of the PDF of I'(a + 2, 8) r.v.
BT (a +2)
= T

Next, using the recursive properties of the I" function,

B B2 (o + 2) B Ba+ DI (a+1) B B+ 1)al(a)
- D) I'(a) a I'(a)

E[X?] = p*(a+ 1)a.

Therefore,
Var(X) = E[X?] — (E[X])? = f*(a + Do - f%a® = f2a.

Remark 4. Notice that then o = 1, then the PDF is simply the exponential distribution. In fact, the
relation is even deeper and it can be shown that the sum of n independent Exp(/3) distributions has a
['(n, ) distribution.

Problem 1.6. n passengers board a plane with n seats, where n > 1. Despite every passenger having
an assigned seat, when they board the plane they sit in one of the remaining available seats at random.
Show that the mean and variance of the number of people sitting in the correct seat once everyone is
on board are both 1 (independent of the number n of passengers, weirdly enough).

Solution 1.6. This is called the matching problem. Let N denote the number of people sitting in
the correct of seat once everyone is on board, and let A; be the event that the ith passenger is in the
correct seat. We have

1 {1 the ith passenger is in the correct seat
Ai =

0  the ¢th passenger is not in the correct seat .
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Clearly, N = Z?Zl 14,. We can now compute the mean and variance.

Expected Value: By linearity of expectation

n

B[N =} Efla] =) P(4).

i=1

By symmetry, we have that the probability that the ith passenger is in the correct seat is

i=1 =1 =1

Variance: By the linearity of expectation

E[N?Y =E Ki;hi)T = ) E[la,1a,).

We have two cases

1. i = j : Suppose that i = j. Since 1(4;)1(A;) =1 if an only if A; happens, so we have
1
E[]lAi]lAi] = E[HAL] = P(Al) = n

as we computed before.
2. i # j : Suppose that i # j. Since 14,14, = 1 if an only if A; and A; happens

1

E[]lAi]lAj] = P(AZ ﬂAj) = m

Note that the events A; and A; are not independent, so we can’t simply multiply the probabilities.
Instead, we can use the fact that sets the ¢ and j passengers sit in are uniform over the n(n — 1)
possible seats for two passengers.

Since there are n(n — 1) ways to pick indices ¢ # j and n ways to pick indices i = j, we have

n(n—1)

nn—1)

EN? = > E[lala]=> E[lals]+> E[lals]= % "

i.j=1 i#

Therefore,
Var(N) = E[N?] — (E[N])? =2 -1=1.

Remark 5. Notice that the events A1, ... A, are clearly not independent. For example, if Aq,..., A,_1
were to happen then A, must be true too since the seat left is the one assigned to the last passenger.
The linearity of expectation allowed us to decompose the random variable into a sum of possibly
dependent events. However, by symmetry we only needed to compute the probability of a single event
Aj in isolation without worrying about the other events A, ..., A,.
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Remark 6. Instead of using the uniform distribution and symmetry, we could argue that

since there are (n —1)! seating patterns where the ith passenger is in the right seat and n! total seating
patterns (all of which are equally likely). Likewise, we have
1 (n—2)! 1

P(4; 0 4;) = nin—1) T n(n—1)"

since there are (n — 2)! seating patterns where the ith and jth passenger is in the right seat and n!
total seating patterns (all of which are equally likely).
Yet another way to compute the probability is to argue sequentially using the chain rule,

P(A; 1 Aj) = P(4; | A;)P(4;) = — %:n(%—w

n—1

since the probability the jth passenger sits in the right seat is % and the probability the ith passenger
sits in the right seat given that the jth passenger is in the right seat is n% since the jth passenger is

1
already in the correct seat so there are n — 1 seats left.
Problem 1.7. Suppose that X has MGF
Mx () = 0.3 4 0.2¢" + 0.5

What is the PMF of X7

Solution 1.7. We have
Mx(t) = 0.3+ 0.2¢" +0.5e?" = 0.3e"" + 0.2¢!" + 0.5¢*".
Then reverse engineering the PMF from the MGF implies that
px(0)=P(X=0)=03, px(1)=P(X=1)=02 px(2)=P(X =2)=0.5.
It is clear that at least for finitely supported PMF, the MGF is simply another way of writing encoding
the distribution.

Problem 1.8. Use the MGFs to show that if X ~ Poi(\), then E[X] = X and Var(X) = A

Solution 1.8. The MGF is )
Mx(t) =M mD),

Taking derivatives, we have
M (t) = XD ae! = B(X) = M4 (0) = A.
To compute the variance, we take the second derivative
MY () = e D aet 4 MDD ()2 = B(X2) = MY (0) = A2 + A
and conclude

Var(X) = E(X?) —E(X)2 =X 2+ X - A2 =
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Problem 1.9. Use MGFs to show that if X ~ Poi(\) and Y ~ Poi(u) are independent, then X +Y ~
Poi(A + p).

Solution 1.9. We know that Mx (t) = e*¢' =D and My () = e#("~1. Since X and Y are indepen-
dent, the MGF of X +Y is

Mxiy(t) = Mx(t)My(t) = M D gn(e’ 1) = o(Atu)(e’~1)
which we recognize as the MGF of a Poi(A + u) random variables. By uniqueness of the MGF, we

conclude X +Y ~ Poi(A + ).

Problem 1.10. Use MGFs to show that if X ~ N(u1,0%) and Y ~ N(ug,03) are independent, then
X +Y ~N(u1 + p2,0f + 03).

a?t? o312
Solution 1.10. We know that Mx(t) = e ~5 and My (t) = e’ 2 . Since X and Y are
independent, the MGF of X +Y is

o2t2 o242 021 02):2
My (£) = M () My (1) = e+ gratt 5= — el L5725

which we recognize as the MGF of a N(y; 4 p12, 03 +03) random variables. By uniqueness of the MGF,
we conclude X +Y ~ N(uj + pia, 0% + 03).

Problem 1.11. Use MGFs to show that for large n and small p such that y© = np, we can approximate
the Bin(n, p) distribution with a Poi(y) distribution.

Solution 1.11. By the uniqueness theorem, we can prove this by showing that the MGF of X ~
Bin(n, p) converges to the MGF of Y ~ Poi(u) as n — oo where u = np < p = £. Indeed,

Mx(t) = (pe' +1-p)" = (1+p( —1))" = (14 2 = 1))
Since for every x

lim (1 + E) =e”
n—00 n

lim Mx(t) = lim (1 + %(et - 1)) = ') = My (8),

n—oo n—oo

we have

Problem 1.12. Let Z ~ N(0, 1). What is the distribution of X = oZ 4 pu?

Solution 1.12. This result is an alternative proof of the de-standardization argument. If Z ~ N(0, 1),
then

+2

MZ (t) =e2.
If we define X = 0Z + i, then the MGF of X satisfies
o2
M (t) = Myz1,(t) = E[e7ZH10] = et My (ot) = etle "

which we recognize as the MGF of X ~ N(u,o?).
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Problem 1.13. Let X ~ Exp(1). What is the distribution of ¥ = 6X?

Solution 1.13. If X ~ Exp(1), then

If we define Y = 60X, then the MGF of Y satisfies

My(t) = ng(t) = E[etGX] = MX(Ot) =

1-6t
which we recognize as the MGF of Y ~ Exp(6).

1.7 Proofs of Key Results
Problem 1.14. Show that

Var(X) = E[X?] — (E[X])? = E[X(X —1)] + E[X] — (E[X])2.

Solution 1.14. To simplify notation, we define E[X] = . Then by the linearity of expectation,
Var(X) = E[(X — p)°] = E[X? — 2uX + °] = E[X?] - 2uE[X] + p* = E[X?] — y* = E[X?] — (E[X]).
To conclude the second equality, notice that

E[X(X —1)] =E[X? - X] =E[X?] - E[X] = E[X?] =E[X(X - 1)] + E[X]
so substituting this into the formula above implies

Var(X) = E[X?] — (E[X])? = E[X(X —1)] + E[X] — (E[X])2.

Problem 1.15. Show that for any constants a and b,

Var(aX + b) = a® Var(X).

Solution 1.15. We can use the definition of the variance. Let Y = aX + b,

Var(aX +b) = Var(Y) = E[(Y — E[Y])?] = E[(aX + b — E[aX + b])?]
ElaX +b =aE[X]+b =E[(aX — aE[X])Q]
= d®E[(X — E[X])?] = a® Var(X).

Remark 7. This makes intuitive sense because shifting a random variable by b does not change the
spread of the random variables. However, scaling the random variable by a will change the spread by
a factor of a2 since we are measuring the squared deviations, so the scaling factor is squared.

Problem 1.16. Prove Theorem 1.
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Solution 1.16. Let E[X] = pu.

( = ) Suppose P(X = p) = 1. In other words, px(p) = 1 and there are no other non-zero val-
ues of the PMF, so by definition of the variance,

Var(X) = E(X - p)?) = E[X?] - E[X]* = p* P(X = p) — (uP(X = p))* = 0.
(<= ) Conversely, suppose Var(X) = 0. Then, again by definition of the variance,

0= Var(X) = E(X =) = 3. (@ = n)? (X = 2).
all >0 :px('r)ZO

Suppose for the sake of contradiction that there exists a v # p such that P(X = v) > 0. In this case,

we have
Var(X) > (v — p)?P(X =v) >0

which contradicts the fact that Var(X) = 0. Therefore, we must have P(X = p) = 1.

Problem 1.17. If X ~ DUnif[a, b] then E[X] = %}t

Solution 1.17. If X ~ DUnif]a, b] then the sum of positive integers implies

E[X]:gzb—erl - b—c1z+1(§:1x_a§:1x> N b—61l+1(b(b;1) _a(a;1)>

rx=1
_ 1 b —a*>+ (b+a)
T b—a+1 2

a+b
5

Alternative Solution: If X ~ DUnif[0, n| then the sum of positive integers implies

x nn+1)

E[X]:;n+1 T 2n+1) 2

Notice that X ~ DUnif[a,b] ~ a + DUnif[0,b — a]. Therefore, if we let ¥ ~ DUnif[0,b — a], then
X =a+Y so linearity implies that
b—a a+0d

EX]=Ela+Y]=a+E[Y]=a+ 5 =5

Problem 1.18. If X ~ Hyp(N,r,n), then E[X] = rf.

Solution 1.18. This proof uses a trick called the linearity of expectation. To simplify notation,
suppose that we have r blue balls and N — r red balls, then X ~ Hyp(N,r,n) denotes the number of
blue balls we drew from a sample of n balls without replacement.

We label the blue balls 1,...,r and let A; denote the event that the blue ball labeled i was drawn.
Consider the random variable

14, =

i

1 if we drew the blue ball labeled ¢
0 if we did not draw the blue ball labeled 3.
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If X ~ Hyp(N,r,n) then X =37, 1(4;) which is the total number of blue balls that we drew. We
have by the linearity of expectation that

E[X]=E [Z 11,41} => E[la,].
i=1 i=1
Next, for any 4, we have
E[ls,]=1-P(A1)+0- (1 —P(A41)) = P(we drew the blue ball labeled 3).
By symmetry (we are not more likely to draw a particular ball over another one), for all ¢+ < r

WG _n

P(A;) = P(A;) = P(we drew the blue ball labeled 1) = ——r—= = —

) N
SO .
™
E[X] = ;E[ILAJ =rP(4dy) = &
Problem 1.19. If X ~ Bin(n,p) then E[X]| = np.
Solution 1.19. If X ~ Bin(n, p) then px(z) = (Z)pm(l —p)" " s0
n n Y
EX]=) = <x>p””(1 —p)"
=0
- n! - _
= L. 1 —p)*—=
Zx (n —x)lz! pr(=p)
r=1
- n-(n—1)! (@—1)
_ . . r—1 _ n—1—(x—1 . ; , et T
= ; (n—1) — (z— 1))z — 1)!]7 p (1-p) add and subtract 1
n—1
(TL B 1) Yy ( _1)_ .
=np pY(1 —p)\" v re-index sum
2 - -y Y
n—1

Alternative Solution: If X; ~ Ber(p) then
EX]=1-p+0-(1-p)=p.

Now suppose that X ~ Bin(n,p). Since X = X;+---+ X,, where X; are independent and X; ~ Ber(p)
(the number of successes in n trials is equal to the sum of n successful trials), linearity implies that

E[X]=E[X1 +...X,] =nE[X1] = np.

Problem 1.20. If X ~ NegBin(k, p), show that E[X]| = k(-p)

p
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Solution 1.20. We first consider the geometric random variable. We will use many times throughout
this derivation the identity
o0
1L
Z T = 1—g¢q
k=0

for |g| < 1. If X ~ Geo(p) ~ NegBin(1,p) then px(x) = p(1 — p)* so

EX]=Y ap(l—p)*=p) Y (1-p)* 0-eP(1—p)° =0, Z =z
x=0 rz=1k=1 k=1
:pz (1-p)* 1 <k<zx<x
k=1xz=k
=pY (1=p*> (1=p)" > (1l—p)=0=p"> (1-p)
k=1 =0 z=k =0
N =" Sy ]
_pk;l—(l—p) ;U P) C1-(1-p)
=(1-p)) (1-p/* > (1-p)=(01-p) Z(l —p)*
k=0 r=1 x=0
_1-p - oy 1
R D e

Now suppose that X ~ NegBin(k,p). For 1 < i < k, let X; denote the number of fails between the
(i — 1)st success and the ith success. Since X; counts the number of fails until the next success, we
have X; ~ Geo(p) for all i. By definition, X = X; + --- + X}, since the total fails until k successes is
equal to the sum of the number fails between successes, linearity implies that

E[X] = E[X; + ... X)] = kE[X,] = "L=P),

Problem 1.21. If X ~ Poi(\), show that E[X] = A.

Solution 1.21. If X ~ Poi(\) then px(z) = e*)‘)g‘c—j SO

\Y
= g e A re-index sum

———
=1 sum of PMF of Poi())
=\
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Problem 1.22. If X ~ DUnif[a, b] then Var(X) = ¢=etl®=1

Solution 1.22. If X ~ DUnif[0, n] then the sum of positive integers implies

B r  nn+l) n = 22 nm+1)@2n+1)  n@n+1)
E[X]*;n+1’2(n+1)*§’ E[Xz}*xgonﬂf 6(n+1) N 6

S0
2n+1) n? ((+1)2-1
X)—E[x? —gxp -t _n_ (7o
Var(xX) = E[x?] - E[x)? = "D (nr D)
Notice that X ~ DUnif[a,b] ~ a + DUnif[0,b — a]. Therefore, if we let Y ~ DUnif[0,b — a], then

X =a+Y so the variance of a linear function implies that

(b—a+1)?-1

Var(X) = Var(a+Y) = Var(Y) = B

Problem 1.23. If X ~ Hyp(N,r,n), then Var(X) = ny (1 — %) (J]\\f,:’f) .

Solution 1.23. This proof uses a trick called the linearity of expectation. To simplify notation,
suppose that we have 7 blue balls and N — r red balls, then X ~ Hyp(V,r,n) denotes the number of
blue balls we drew from a sample of n balls without replacement. We first compute E[X (X — 1)]. It

suffices to compute X\ rX(X 1)
E [( 2 N =k [#}

which denotes the expected value of the number of pairs of blue balls we drew.
We label the successful balls 1,...,r and let A;; denote the event that the pair of balls labeled %
and j was drawn where. Consider the random variable

_J 1 if we drew the pair of blue balls 7 and j
A5 710 if we did not draw the pair of blue balls ¢ and j.

If X ~ Hyp(N,r,n) then ()2() = > 1<icj<r La,; Which is the total number of pairs of blue balls that
we drew. We have by the linearity of expectation that

E [(f)} —E { 3 11,41.]} = 3 Efla,):
1<i<j<r 1<i<j<r
Next, for any i, j, we have
E[la,;] =1P(A;) +0- (1 - P(Ay;)) = P(Ay).
By symmetry (we are not more likely to draw a particular ball over another one), forall 1 <i < j <r

() (i=z) _ n(n-1)
™ N(N —1)

n

P(A;;) = P(A;2) = P( we drew the pair of blue balls i and j ) =

SO

E [(XN = ) E[14y)]= ir—1) P(A12) = T(T; 2 ]\T;E?V__ll))
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Multiplying by two implies that

-] - -

Since we know that E[X] = r£ we have

Var(0) = BUX(X 1) +BX| B = T T < (1- 1) (357

Remark 8. We can set p = & which denotes the probability of a successful draw. If X ~ Hyp(N,r,n)
and Y ~ Bin(n, p) then

E[X] =np Var(X) = np(1 —p) (J]\\;_Tf)
and
E[Y] =np Var(Y) = np(1 — p).

The hypergeometric and binomial random variable have the same mean, and they have the same
variance except for a factor %:’f < 1. The variance of the hypergeometric is slightly less because
sampling without replacement reduces the “spread” since our sample space shrinks with each draw.
When n = 1 then the factor Nfl = 1, so the variance of a hypergeometric and binomial random
variables are the same, since sampling one object with or without replacement is the same. When
N — oo then the factor %:’f — 1, which is again consistent because sampling with or without

replacement from a large population is essentially the same.

Problem 1.24. If X ~ Bin(n,p) then Var(X) = np(1 — p).

Solution 1.24. If X ~ Bin(n, p) then px(z) = (7)p®(1 — p)"~*. We use the formula
Var(X) = E(X(X — 1)) + E(X) — (E(X))?

and note we already know E(X) = np. By definition

n

EX(X-1) =) a(z- 1)( ),x,p “(I—p)*
x=0
n - 2)! _ n—2—(z—
w0 e ety R A
B = @m-2! n—2—y
fn(nfl)p2ygomp (1—-p) 2
=1 sum of PMF of (n — 2, p)
=n(n—1)p°

Then
Var(X) = E[X (X — 1)] + E[X] — (E[X])* = n(n — 1)p* + np — (np)* = np(1 - p).
Alternative Solution: If X ~ Bern(p) then by definition
Var(X) = E[(X —p)*] = (1 - p)’p + (=p)*(1 = p) = p(1 — p).

Now suppose that X ~ Bin(n,p). Since X = X;+-- -+ X,, where X; are independent and X; ~ Ber(p)
(the number of successes in n trials is equal to the sum of n successful trials), linearity implies that

Var(X) = Var(X; + ... X,,) = nVar(Xy) = np(1 — p).

Page 15 of 20



September 11, 2026 MAT651 — Week 4 Justin Ko

Problem 1.25. If X ~ NegBin(k, p), show that Var(X) = k(;i;p).

Solution 1.25. We first consider the geometric random variable. We will use many times throughout
this derivation the identity

o0

-t

k=0

for |g| < 1. From this identity, we can recover higher order versions of this by differentiating the power
series term by term with respect to ¢, that is

= 1
k k—1
S — k: =
dqz dql ﬁ; ! (1—q)?
and
= k _ d? k(k 1 2
dq2 Z S d?1—gq Z - ~(1-g)p

We will use these identities to give a different derivation of the first and second moments of a geometric
random variable.
If X ~ Geo(p) ~ NegBin(1,p) then px(x) = p(1 — p)* so the first derivative identity implies that

- N . - p(1—p) (1-p)
=) wp(1-p)* =) ap(l—p)" = x = .
;) ; ;:1 T a-01-p) P
Likewise, the second derivative identity implies that
- - - 2p(1—p)* _ 2(1-p)
]E I‘Tfl pﬂﬂ:plip2 (e —1 17pm 2 _ _ '
; ) (1-p) ; (z —1)(1—p) A=) po

Therefore,

2 2
Var(X) = E[X(X - 1)] + E[X] — (E[x])? = 21 zp) Li-p f) _a zp).
p p p p
Now suppose that X ~ NegBin(k, p). For 1 <i <k, let X; denote the number of fails between the
(i — 1)st success and the ith success. Since X; counts the number of fails until the next success, we
have X; ~ Geo(p) for all 7 and the X; are independent. By definition, X = X7 + --- + X}, since the
total fails until k& successes is equal to the sum of the number fails between successes, linearity implies

that
k(1 —p)

Var(X) = Var(X; + ... Xy) = k Var(X,) = =

Problem 1.26. If X ~ Poi()), show that Var(X) = .

Solution 1.26. If X ~ Poi(\) then px(z) = e_’\);—?. We use the formula

Var(X) = E[X(X — 1)] + E[X] — (E[X])?
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and note we already know E(X) = A. By definition

A
z!

EX(X-1)] =) a(x—1)-e

z=0

& \Z 20
_ o LA P S
= z(w—1)-e . 0.5 =0

Y
== )\2 E e A re-index sum

—_———
=1 sum of PMF of Poi())
=\

Then
Var(X) =E(X(X — 1) +E(X) — (E(X))2 = 2+ X - (V)2 =\

Problem 1.27. Compute the mean and variance of X ~ Unif(a,b).

Solution 1.27. We can directly compute

E(X):/Ooxf(x)dx:/bx-bl do

—0 a -

}b27a2_(bfa)(b+a)_a+b
2b—a  2b-a) 2 °

To compute the variance, we have

dx

E(XQ):/OO 22 f(x) dx:/abeb !

oo —a
b —a®  (b—a)(*+ab+a?)  b*+ab+a?
3(b—a) 3(b—a) N 3 '

so after some algebra,

b2+ab+a? (a+b)? (b—a)?

X)=E(X?) -EX)*= - = :
Var(X) = E(X?) - B(X) . - =
Problem 1.28. Compute the mean and variance of X ~ Exp(0).

Solution 1.28. We use the change of variable x = y8 with dz = fdy

]E[X]:/O x-gefgdx( :ye)/o ye Y0dy

:9/Ooye_ydy:9f(2):0-(1!):9.
0

=I'(2)
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To compute the variance, we have

> ]. x r= o
E[X?] = / 22 et dr T2V / Oy2eY0dy
0 0 0

=07 / y*~leTVdy = 0°T(3) = 6% - (2!) = 20°.
0
=I'(3)

SO
Var(X) = E[X?] - E[X]? = 20 — 6% = #?

Alternative Solution: We can also integrate by parts directly without using the Gamma function.
Starting with

E[X]:/O xoée*%dx

we have by integrating by parts

E[X] = /Oox Lo tar =L (e t) - Lg%t Ty
o 0 0 0 0
Next, to compute
e 1
E[X?] = / - —e 0dx
0 0
we have by integrating by parts
E[X?] :/0 z?- gefgdx = % (—fe"7) — % 0% 7 4 7 (=03 7) . = 262

Problem 1.29. If X ~ N(u,0?) show that

EX]=p  Var(X) =0

Solution 1.29. We first do the computations when Z ~ N(0,1). We have

E Te 2 :0
\/27r/

2
because xe 2 is an odd function. Next, to compute the second moment, we can integrate by parts

2 —a? X —a2 > i 1 /OO
reTT = ———=e 2 — e
oo V2T J_x

T LT

E[Z x=1

2
where the boundary term vanishes because e 2~ goes to zero faster than x and the second term is the
integral of the PDF of a standard normal. Hence we have shown that

E[Z]=0  Var(Z) =E[Z*] -E[Z]* = 1.

To get the mean and variance of X ~ N(u,0?), we can use the standardization trick to write
xX<o7+ . Therefore,
EX]=EloZ+p]=cE[Z]+p=pn

and
Var(X) = Var(oZ + p) = o Var(Z) = 0.
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Problem 1.30. Prove the following formulas for the MGFs of common distributions

1. Poisson: If X ~ Poi(\) then
Mx(t) = et “DiforteR

2. Normal Distribution: If X ~ N(u,0?), then
Mx(t) = e*+5" for t € R

3. Negative Binomial: If X ~ NegBin(k,p) then

k
My (t) = <1_(1’Lp)et> for t < —In(1 — p)

Solution 1.30. The computation of all the MGF's use similar tricks we have seen before (summation
formulas, reducing to sums of PMF /integral PDF, etc)

Poisson: The MGF is computed using the exponential sum

M _ tX\ _ = ta 7,\)‘: = = (e"N)” = AetA o A(ef—1)
x(t) =E(e )—Ze et =e Z = e =e .
=0 : z=0 ’

Normal Distribution: The MGF is computed by completing the square. We have

(a" u)z 1 OO @2 a(utto)atu?
dx = 202 dx.

Mx() =B = s | et = Varo?

We want to rewrite the integral in terms of the integral of a PDF, so we complete the square

2® = 2p+to?)e + p’ = 2% = 2u+to?)r + (n+t0”)? — (u+to?)? + p?
= (x— (u+to?)? —2to*y — to*

SO
1 @2 aurtoDatpu? 1 X (= (utte?)2-2t02u—t254
e 202 r = 202 dx
V2ro? J_oo V2mo?
o242 _ (== (u+ta2))2
= Mt / T .
v 271’(72

=1 integral of PDF of N(u + to?, 0?)

Negative Binomial: We first consider the case when Y ~ NegBin(1, p) = Geo(p). In this case, using
the geometric series (which exists for (1 —p)e'| <1 = ¢t < —In(1 — p))

- tx x_oo t\r __ p
ZIZ:OG p(1 —p) —EZZOP((l—p)e) S0 -pe

We recall that X ~ NegBin(k,p) is the sum of k independent Geo(p) random variables. Therefore,
X =Y; 4+ -+ Y, and the sum of independent random variables formula for MGFs give

k
p
Mx(t) = My, 4.4y, (£) = My, () - - My, () = My:(t) = (1(117)@) ’
which exists under the same condition as My ().
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Problem 1.31. Suppose that Mx(t) is defined for all ¢ € [—a, a] for some a > 0. Prove that

d* d*
E[X*] = =7 Mx(0) = =7

o Wk > 0.

Mx(t)

t=0

Solution 1.31. Assuming that we can interchange the differentiation and integration, we have

d* d”

dF
qFMx(t) = B[] =E [ fX] — E[X*eX]

dr©

Therefore, .
%MX(O) =E[X*e"¥] = B[XF].

The interchange between the differentiation and expectation is justified by a result called the
dominated convergence theorem. The technical assumption that Mx (t) is defined for all ¢t € [—a, a] for
some a > 0 is required to find a dominating function. In the case when X has finite support, then the
interchange of differentiation and expectation simply follows from the linearity of the differentiation

operator.
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