December 2, 2025 MAT521 — Week 12 Justin Ko

1 Conditional Expectation

We saw that conditional probabilities represent how our beliefs for probabilities of events given more
information. The conditional expectation is how the belief of our expected value of a random variable
changes given more information, often in the form of information from a related random quantity.

1.1 Conditional Distributions Review
Recall the following concepts we defined in Week 8,

e the marginal mass or density function of X

px (@) =Y pxy @y o fx()= /R fxy (,9) dy.

¢ the marginal mass or density function of Y

oy @)=Y pxy @y o fr(y)= /R fxy (o,y) da.

e the conditional mass or density function of X given Y =y

_ bxyy (3373/) or zly) = fxy (SU,?/)
Px|y (zly) = 7])}/ () fX|Y( ly) = 7]"3/ () . (1)

provided that we are not dividing by zero.

1.2 Conditional Expectation w.r.t. Random Variables

Throughout this section, we assume that X given Y = y is a continuous random variable with density
function fx|y (-ly) (if X|Y is discrete, replace all the integral signs by summation signs). The condi-
tional expectation of X given Y = y is given by the expected value with respect to the conditional
density function

BIXIY =yl = [ afey (aly) da.
This motivates the following definition:

Definition 1 (Conditional Expectation). The conditional expectation of X given Y is the random
variable

BIXIY] = [ afsy (alY)do.

Remark 1. The conditional expectation is a random variable since it takes elements in the domain
of Y and assigns it to a number. In other words, if we define the function g through

o(y) =E[X |V = y] = / iy (aly) de,

then, with a slight abuse of notation, we define
E[X|Y] = g(Y).

We can interpret the conditional expected value as the “best” estimate for the value of X given a
realization of Y (see Problem 1.9). This also leads to a nice geometric interpretation of the conditional
expectation (see Problem 1.2)

The conditional expectation can be used to compute complicated expected values by breaking it
into more manageable pieces. This is because of the following properties.
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Proposition 1

The conditional expectation has the following properties:

1. Independence: If X and Y are independent, then

E[X |Y]=E[X] and E[Y]|X]=E[Y]

2. Linearity: For any random variables X1 and X,

E[Xy + X5 | Y] =E[X; | Y]+ E[X [ Y]

3. Pulling out known factors: If h is a function, then
ERh(Y)X|Y] =R(Y)E[X|Y]

4. Law of total expectation: E[E[X|Y]] = E [X]

Remark 2. Recall that we can only pull constants ¢ € R out of the expected values in general
E[cX] = cE[X]. The second property allows us to pull random variables out if we can condition on it.

Likewise, one can define the conditional variance in the obvious way.
Definition 2 (Conditional Variance). The conditional variance of X given Y is defined as
Var (X|Y) =E [(X — E[X|Y])?|Y]

The conditional variance can also be used to compute complicated variances values by breaking it
into more manageable pieces. This is because of the following useful properties.

Proposition 2
We have

1. Var (X|Y) =E[X2|Y] - (E[X|Y])2

2. Law of total variance: Var (X) = E [Var (X|Y)] + Var (E [X|Y])

1.3 Example Problems

Problem 1.1. Show that the converse of the independence property in Proposition 1 is false. That
is, if E[X | Y] = E[X], then X and Y may not necessarily be independent.

Solution 1.1. Let X ~ N(0,1) and let Y = X2. Writing down the conditional PDF is possible, but
the intuition is very clear, and we don’t have to compute it. We have that E[X | Y] = E[X] = 0, since
knowing X2 tells you the magnitude of X, but not its sign. If we know that ¥ = X2 =y, then X can
only take two values +,/y, with probability 0.5 by symmetry. We don’t know which one it takes, so
our best guess is the average of these two numbers, which is 0.

This is a counterexample, because although E[X |Y] = E[X] =0, Y and X are not independent,
since knowing X completely determines Y.

Remark 3. It is possible to show that

+./y, with probability %,
X|Ymye{ VI PO
—+/Y, with probability 3,
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however, it will use techniques we have not learned in this course since the joint distribution is neither
discrete nor continuous.
Problem 1.2. For any function h, show that

E[(X —E[X |Y])h(Y)] =0.

That is, the random variable Z = X —E[X | Y] is uncorrelated with h(Y").

Solution 1.2. We can explicitly compute this using the properties of conditional expectation,
E[(X —E[X |Y)h(Y)] =E[Xh(Y)] —EE[X | Y]h(Y)] linecarity
=E[Xh(Y)] - E[E[XA(Y)]|Y]] pulling out known factors
[Xh(Y)] —E[Xh(Y)]=0. law of total expectation

|
&=

This can be visualized as the projection, i.e. the line residual Y — E[Y | X] is orthogonal to the space
of functions of X, when we treat the expected value E[X - Y] as the inner product (X,Y") between two
random variables X and Y. The conditional expected value E[Y | X] is the closest point on the space
of functions A(Y) to X, which is proved in Problem 1.9.

functions h(Y)

Problem 1.3. Suppose that X and © are two random variables such that X given © = 6 is Poisson
distributed with mean 0, i.e.,
_obF
Ixje(kl0) =e Ggy

and © is Gamma distributed with parameters o, 8 > 0. That is, © has the density function

k=0,1,2,...

Baea—le—ﬂa

fe (0) = Ta) 6 >0,

where I denotes the Gamma function,

I'(a) = / 6°te=0 do.
0

Compute the marginal mass function of X.
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Solution 1.3. The marginal mass function of X is given by

P(X = k)= / " faio (k10) fo (0) o

0o gk —0 /aeafl /7;’56
:/ ¢ T

0 k! I'(a)
_ B /OO k+a—1_—(B+1)0
W J, ! © d0

_ ﬁa 1 /OO k+a—1_—=x
MM Grome ), T W

B k!l"l(a) <5i1>a <B_1|_1>k1“(k+a) k

_ (k+oz—1)(k:+c;!—2)~-~(oz+l)a (l_ﬁ—lk1>a (511)
a k

(") () )

Therefore, X follows a negative binomial distribution with parameters o and ﬁ

Problem 1.4. Suppose that X given © = 6 is Poisson distributed with mean # and © is Gamma
distributed with density function

5@9(1—16—/30

f@(e)—w, 6> 0.

1. Compute E[X].
2. Compute Var[X].

Recall that if X ~ Poi(A) then E[X] = A and Var(X) = A and if X ~ I'(e, 8) then E[X] = § and
Var(X) =

(6]

F.

Solution 1.4.

Part 1: Using the law of total expectation,

E[X] =E[E[X|0] =E[0] = 2.

We used the fact that the expected value of a Poisson distributed random variable is equal to its mean
parameter.

Part 2: By the law of total variance

Var (X) = E [Var (X|0)] + Var (E [X|©)])

We used the fact that the expected value of a Poisson distributed random variable is equal to its mean
parameter and its variance is equal to its mean parameter.
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Problem 1.5. Suppose that

N

— > Vi, ifN >0,
=1
0, it N =0,

where N is Poisson distributed with mean A and Y7, Y5, ... is a sequence of iid random variables with
mean j and variance o2 that is independent of N. We say that X is a compound Poisson random
variable.

1. Compute E[X].
2. Compute Var[X].
Recall that if X ~ Poi(\) then E[X] = A and Var(X) = .

Solution 1.5.

Part 1: By the law of total expectation

on-amon - -]

Part 2: By the law of total variance, and a similar computation as above

Var (X) = E [Var (X|N)] + Var (E [X|N])
=E [No®] + Var (Np)
= o”’E [N] + p*Var (N)
= (02 + ,u2) .

We used the fact that the expected value of a Poisson distributed random variable is equal to its mean
parameter and its variance is equal to its mean parameter.

Remark 4. The trick with the indicators was to carefully show that we can apply linearity of expec-
tation even when the sum is random provided that we condition on it,

E[ﬁ:YHN} {ZY12<N|N}=§:M<N [Y; | N] = iv:E[YiN].

i=1

Problem 1.6. We flip a fair coin repeatedly.
1. What is the expected number of flips until HT appears for the first time?

2. What is the expected number of flips until HT appears for the first time?

Page 5 of 9



December 2, 2025 MAT521 — Week 12 Justin Ko

Solution 1.6.

Part 1: Let Yy denote the number of flips until the pattern HT appears for the first time. Notice
that
Yur =Yg +Yr

where Yy is the number of flips until the first heads and Y7 is the number of flips until the first T'
(after a H appeared). We can see this from the picture below

TTTHHHHHHT %%
Y, Y
H T

Yur

Since Y — 1 ~ Geo(0.5) and Y7 — 1 ~ Geo(0.5) we have E[Yy]| = 5= =2 and E[Y7] = 55 =2 s0 by
the linearity of expectation
E[Yyr] = E[Yy] +E[Y7] =2 +2 = 4.

Part 2: This part is much harder to do, so we will use the law of total expectation. Let Yy g denote
the number of flips until we see the pattern HH for the first time and let X; ~ Ber(0.5) denote the
outcome of the ith flip (where 1 denotes a heads and 0 denotes a tail). We have

EYur) =EEYuy | Xa]] =E[Yun | X1 =1P(X1 =1) +E[Ygu | X1 =0]P(X; =0)
_ %]E[YHH Xy = 1]+ %E[YHH | X1 = 0].

If the first coin is a tails, then we are back to square one, so the we still need to find the waiting time
until we get our first HH plus 1 (since we already got a T on the first flip),

If the first coin is a heads, then we are one step closer to our goal, so we can condition again on the
next flip to see that

ElYan | X1 =0] =E[E[Yan | X1 =1, X5]]
—E[Yin | X1 =1, X = 1|P(Xs = 0) + E[Yirz | X1 = 1, Xo = 0] P(X5 = 1)

1 1
= iE[YHH‘Xl :O,XQ = 1]+§E[YHH|X1 =0,X, :0]

From here, we have that
EYugp | X1 =1,Xo=1]=2
since we have succeeded, but

EYun | X1 =0,Xo =0]=2+E[Yyu]

since flipping a HT means we hare back to square one after 2 flips. Putting everything together implies
that

EYun] = %(% 2+ %(E[YHH] + 2)) + %(E[YHH] +1) = E[Yun]= %]E[YHH] + g

which after some algebra gives E[Yyg] = 6.

Remark 5. Somewhat surprisingly the expected values are different. The main difference is that the
time to get the first HT is that after we flipped our first heads, we have already made progress towards

Page 6 of 9



December 2, 2025 MAT521 — Week 12 Justin Ko

our goal. However, to get HH if we flip the first heads, then flip a tails, we are back to square one
and lost the partial progress. This is obvious if we solve Part 1 using the logic of Part 2,

1 1
E[Yur]) = EE[Yur | Xi]] = 5]E[YHT | X1 =1]+ 5IE‘Z[Y,LIT | X1 =0]
We have that E[YHT | X1 = 1] = E[YT} =2 and E[YHT | X1 = 0] = ]E[YHT} +1 so

E[Yir] = % 24 %(E[YHT} +1) — E[Yir] = 4

1.4 Proofs of Key Results

Problem 1.7. Prove the properties of conditional expectations in Proposition 1.

Solution 1.7. The properties follow directly from the definition.

Part 1: If X and Y are independent, then fx |y (x|y) = fx(z), so by the definition,

E[X\Y]:/Rxf)qy (m\Y)dx:/Rfo (z)dz = E[X].

Part 2: Linearity follows from the fact that integrals are linear and fx, 4 x, |y (21 + =2 |y) is a PDF
for each fixed y.

Part 3: For any y in the support of Y,
o) = E(OIXIY =] = [ hw)afxiy (aly) do = h(o) [ afxiy (aly) do = B XY = 3],
Therefore,
E[h(Y)X[Y] = (Y) = h(Y)E[X|Y].
Part 4: We define g(y) = E[X|Y =y] = [; #fx)y (z|y) dz. By the definition of the expected value,

BIE Y] = Elo(V)] = [ o) () dy= [ ( [ eraw Gely dw) fv (4)dy
- /R /R wfxiy (2ly) v (y) do dy

:/R/Rxfxy (2,y) dody
:/R”; (/fo,y (2,9) dy) dz

~ [atx 2 ds B[],
R

Problem 1.8. For any constant ¢, show that
E[(X - ¢)’] > E[(X - E[X])?].

In particular, the expected value is the constant that minimizes the mean squared error.
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Solution 1.8. This proof follows directly from the properties of the expected value. By adding and
subtracting E[X], we see that

E[(X - ¢)’] = E[(X — E[X] + E[X] - ¢)’]
= E[(X — E[X])*] + E[(E[X] — ¢)°] + 2E[(X — E[X])(E[X] - c)]

Since E[X] — ¢ is not random, we see that the cross terms vanish
E[(X - E[X])(E[X] - ¢)] = (E[X] - ¢) E[(X — E[X])] = (E[X] — ¢)(E[X] — E[X]) = 0.
Since E[(E[X] — ¢)?] > 0, we conclude that
E[(X - )] = E[(X — E[X])*] + E[(E[X] - ¢)’] > E[(X - E[X])?]

as required.

Problem 1.9. For any measurable function f, show that
E[(X - f(Y)’] = E[(X — E[X | Y])?].
In particular, the conditional expectation minimizes the mean squared error.
Solution 1.9. This proof follows directly from the properties of the conditional expected value. By
adding and subtracting E[X | Y], we see that

E[(X — f(Y))?]

E[(X —E[X | Y]+ E[X Y] - f(Y))’]
E[(X —EX |Y])’] + E[(E[X | Y] - f(Y))"] + 2E[(X — E[X | Y])(E[X | Y] - f(Y))]

Applying the law of total expectation and using the fact that E[X | Y] and f(Y) are measurable
functions of Y, we see that the cross terms vanish

E(X —EX |Y)(EX | Y] - (V)] =E[E[(X - EX |Y)(E[X |Y] - f(V)) | Y]
=E [(E[X |Y] - f(Y))E[(X - E[X | Y]) | Y]]
= E[E[X [Y] - f(YV)(EX [ Y] -E[X |Y])]
=0.
Since E[(E[X | Y] — f(Y))?] > 0, we conclude that
E[(X — f(Y))’] = E[(X - E[X | Y])*] + E[(E[X | Y] - f(Y))’] > E[(X — E[X | Y])’]
as required.

Remark 6. Notice that this proof only uses the law of total expectation and the trick that allows us
to pull known factors.

Remark 7. Problem 1.9 is a special case when we look at estimators that do not depend on Y.

Remark 8. If X was a function of y, say h(Y), then the result says that the “best” estimate (in terms
of squared error) for X given information Y is h(Y),

EX Y] =ERY)|Y]=h(Y)E[L|Y] = h(Y).

We have that E[X | Y] is still the “best” estimate even when X can be some complicated possibly
random function of Y.
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Problem 1.10. Prove the properties of conditional variance in Proposition 2.

Solution 1.10.

Part 1: With g(Y) = E[X|Y] we have from Proposition 1 (b) that

Var (X|Y) = E [X? - 2XE[X|Y] + (E[X|Y])*| Y]
=E[Xx? |Y] — 2K [XE[X|Y] Y]+ E[(E[X|Y])?|Y]
=E[X?|Y] - 2E[Xg(Y)| Y]+ E[(g(V))?|Y]
=E[X?|Y] -29(Y) -E[X|Y]+ (9(Y))*E[1]Y] (by Proposition 1 (b))
=E[X?|Y] -2E[X|Y]-E[X|Y]+ (E[X[|Y])?
=E[X*|Y] - (E[X|Y])

Part 2: It follows from Part 1 and Proposition 1 Part 4 that
E[Var (X|Y)] = E [E [X*]Y]] - E [(E[X|Y])?]
—E[X?Y-E [(E [X|Y])2} .
On the other hand,
Var (E[X|Y]) = E [(E[X|Y])?] - (E[E[X|Y])?
—E [E[X|Y))] - B[X])*.
Combining the preceding two relations implies

E [Var (X|Y)] + Var (E[X|Y]) = E [X?] — (E [X])* = Var (X).
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