September 20, 2019 MAT186 — Week 3 Justin Ko

1 Limits

1.1 Intuitive Definitions of Limits

We use the following notation to describe the limiting behavior of functions.
1. (Limit of a Function) A limit is written as

lim f(z) =L “the limit of f(x) as « approaches a is L”.

r—a

This means f gets arbitrarily close to L whenever x is sufficiently close but not equal to a.

2. (One-sided limit) A right one-sided limit is written as

lim f(z) =L “the limit of f(x) as x approaches a from the right is L”.

r—at

This means f gets arbitrarily close to L whenever x is sufficiently close but strictly greater than a.

Similarly, a left one-sided limit is written as

lim f(z)=L “the limit of f(z) as « approaches a from the left is L”.

T—ra—
This means f gets arbitrarily close to L whenever z is sufficiently close but strictly less than a.
3. (Limit at Infinity) A limit at infinity is written as

lim f(z) =L “the limit of f(x) at infinity is L”.

T—>00

This means f gets arbitrarily close to L whenever x is sufficiently large.

Similarly, a limit at negative infinity is written as

lim f(z)=L “the limit of f(z) at negative infinity is L”.

r—r—00
This means f gets arbitrarily close to L whenever x is sufficiently small.
4. (Infinite Limit) If L = +oco in the definitions above, then it means that f gets arbitrarily large.

Likewise, if L = —oo then we mean that f gets arbitrarily small.

1.2 Special Limits

We have the following special limits

1. .
. sSmx
t
2. :
. COST —
ili% x =0,
3. §
lm (14 az)* =e® or lim <1+7) = e,
r— n—+oo n
4. .
lim © 1.
x—0 €T
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1.3 Limit Laws

Suppose that
lim f(x) and lim g(x) exists.
Tr—ra Tr—ra

We can use the following properties to compute the limits of complicated functions.

1. Sums of Functions:
lim [f(z) + g(2)] = lim f(z) + lim g(z).
2. Products of Functions:
lm [f(z) - g(z)] = lim f(z) - lim g(z).

r—a T—ra r—a

3. Direct Substitution: If f is continuous at a, then

lim /() = f(a).

r—a
4. Composition Theorem: If f(x) is continuous at L and lim,_,, g(x) = L, then

lim f(g(x)) = f(lim g(x)) = £(L).

r—a Tr—a
5. Squeeze Theorem: If g(x) < f(z) < h(x) when x is near a (except possibly at a) and

lim g(z) = lim h(z) = L

r—a T—a

then
lim f(z) = L.

r—a

Remark: The functions introduced in Week 1, i.e. polynomials, exponentials, trigonometric func-
tions, hyperbolic functions, and their inverses, etc are continuous at every number in their domains.

1.4 Infinite Limits and Graphs

Limits at infinity or approaching infinity tell us a lot about the shape of our graph. Consider the curve
y = f(x), there are three types of typical behavior described by these limits

1. Vertical Asymptote: A vertical line 2 = a is called a vertical asymptote of the curve y = f(x)
if at least one of the following occurs,

lim f(z) =+o0, or lim f(z)= +oo, or liin f(z) = to0.

r—a~ r—a™t

A curve may have multiple vertical asymptotes.

2. Horizontal Asymptote: A horizontal line y = L is called a horizontal asymptote of the curve
y=f(z)if
lim [f(z) — L] =0, or lim [f(z)— L] =0.

T—00 Tr—r—00

Note that a curve may have 0, 1 or 2 horizontal asymptotes.

3. Slant Asymptote: An oblique line y = max + b (we require m # 0) is called a slant asymptote
of the curve y = f(z) if

lim [f(z) — (max+b)]=0o0r lim [f(z)— (mz+b)]=0.

r—r00 Tr—r—00

Note that a curve may have 0, 1 or 2 slant asymptotes.
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Example 1: The graph of
1
1+1 z>1
T —
y=[f(z)= 3 1
Sr—l4— 1
T oy TS

is displayed above. This graph has a vertical asymptote at x = 1, a horizontal asymptote y = 1 as x
approaches oo, and a slant asymptote y = %CE — 1 as x approaches —cc.

1.5 Example Problems

1.5.1 Showing a Limit Exists

Strategy: In this course, we do not have to use the definition of a limit to show a limit exists. Instead,
it suffices to use an algebraic approach and limit laws to derive a limit. The following procedure
generally works for combinations of functions we encountered in Week 1,

1. We first check f(a) to figure out the form of the limit. If this gives us a number, then f(a) is
our limit and there is nothing more to do (provided that we are dealing with the composition of
continuous functions).

2. If we have an indeterminate form, %, 2,0 x 00, 00 — 00, 09, 1°°, oc?, etc then we simplify our
function by factoring, collecting like terms, rationalizing, etc. The goal is to remove the “bad
point” that makes our behavior indeterminate.

3. After simplifying our function, we evaluate our simplified function at a. If it gives us a number,
then that is our limit.

Useful Formulas: When factoring, the following formulas may be useful

1. Difference of Powers: For a,b € R and n > 2,
(@" —=b")=(a—b)(a" ' +a" b+ Fab" 2 F "),
There are n terms in the second part of the factored equation. For example, if n = 4, then

(' —y") = (@ —y)(@® + 2%y + 2y® + %),
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2. Quadratic Formulas: For a # 0, the equation ax? + bx + ¢ = 0 has solution(s)

. —b+Vb? — dac

2a

Problem 1. (x) Determine the following limit

. w4 r—4
lim —M.
z—4 x+4

Solution 1. We first try to substitute x = 4 into our function

2 4+r—4 _42+4—4_
z+4 le=a 444

This is not an indeterminate form, so we can conclude

. 2 tar—4
lim ———— =
r—4 $+4

Problem 2. (%) Determine the following limit

2 -1

1m .
z——1 x+1

Solution 2. We first try to substitute x = —1 into our function
% —1 _(=1)?—=1_ 0
z41le=—1 —-14+1 0

This is an indeterminate form, so we attempt to simplify our function by factoring. Using the difference
of squares formula to factor the numerator, we notice
2 -1 . (z—=D(z+1)

T IR "

Problem 3. (xx) Determine the following limit

|
lim .
z—1 73 —1

Solution 3. We first try to substitute x = 1 into our function

2% —1 1—1 0

23 —1lz=1 13—-1 0

This is an indeterminate form, so we attempt to simplify our function by factoring. Using the difference
of powers formula to factor the numerator and denominator, we notice

-1  (z-D)E'+23+22+z+1) y 3 +a2®+r+1 5
= = 1m = —.

=13 —1 21 (x—1)(224+2+1) z—1 2?2+ +1 3
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Problem 4. (xx) Determine the following limit

Viz+1-1
m-—

x—0 ,’132

Solution 4. We first try to substitute £ = 1 into our function

VaZ+1-1;  1-1 0

2 =0 0 O

This is an indeterminate form, so we attempt to simplify our function by rationalizing the numerator.
We notice

. Vaz+1-1 . Vaz+1—-1 Vaz+1+1

1im —————— = J1In .

=0 2 z—0 x? ViZ+1+1
(Va2 +1)2 -1

= lim ——————

=0 22 (Va2 + 1+ 1)

1
lim —
=0 /22 + 141
1
5
1.5.2 Showing a One-Sided Limit Exists

Strategy: The strategy is identical as the last section. We might have to be careful with piecewise
functions in these examples.

Problem 1. (%) Determine the following limit

. Tz
lim —.
r—0— X

Solution 1. We first try to substitute x = 0~ into our function

7la| 7.0l 0

T lz=0— 0 0 '

This is an indeterminate form, so we attempt to simplify our function by canceling the numerator.
Since |z| = —x for < 0, we have

lim M: lim _7733: lim —-7=-7.

z—0- X x—0~ T x—0~

Problem 2. (xx) Determine the following limit

. 1 2
lim ( — 7)
et \r—1 22-1
Solution 2. We first try to substitute 2 = 17 into our function
(-7
x—1 22-1
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This is an indeterminate form, so we attempt to simplify our function by collecting like terms. We
notice

L, (1: i 1 ;5227_1) = b, ((x _(331)+(z1)+ ) (@— 1)2(x—|— 1))

I r—1

= lim —M——

am1t (x —1)(x 4+ 1)
. 1

= lim
z—1+ x + 1

1

=5

1.5.3 Showing a Limit Does not Exist

Strategy: Unless our function is exceptionally ugly, the usual way to show a limit does not exist is to
show that its left and right limits are different.

Problem 1. (%) Show that the following limit does not exist,

z—3

m ———.

Solution 1. It suffices to show that our left and right limits approach different values. Since |z| = x
for x > 0, we have

-3 .ox—=3 .
im —— = lim —— = lim 1=1,
a3t |x — 3]  ao3tx—3 23t
and since |z| = —x for < 0, we have
m ST i T3 i 1= 1

e—=3- | —3] a=3- —(x—3) 253"

The left and right limits do not agree, so our limit does not exist.
Problem 2. (%% %) Show that the following limit does not exist,
|
lim sm(f).
z—0*t x
Solution 2. Let ¢ = 1/x. We have lim,_,o+ f(2) = lim;—,oc f(1). In particular, we have

lim sin<l> = lim sin(¢)

r—0t T t—o0
which does not have a limit, because sin(t) oscillates between —1 and 1 infinitely often and does not
converge to a particular value.
1.5.4 Limits of the composition of functions

If f is discontinuous at b and lim,_,, g(z) = b, then lim,_,, f(g(z)) may not behave nicely. These
examples are to illustrate the potential dangers when taking limits with a discontinuous function on
the outside. In these cases, evaluating the function at a may not give the right answer even if we do
not get an indeterminate form.
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Problem 1. (xx) Consider the discontinuous function

1 =0
-4y 7

and let g(z) = z2. Compute lim, o f(g(z)).

Solution 1. We first compute the composition of the functions,

oy J1 =0
f(g(x))=f(z)—{0 T

since 22 = 0 if and only if 2 = 0. Therefore, we have

lim f(g(x)) =0,

z—0

since f(g(x)) is equal to 0 for all z # 0.

Note: We cannot take the limit inside function f in this problem. In this case, if we incorrectly
used the property lim, o f(g(z)) = f(limz—0 g(x)) then we will incorrectly conclude

lim f(g(x)) = lim f(=?) = f(lim 2?) = f(0) = 1.

z—0 z—0 z—0

The reason why we can’t take the limit inside is that f(x) is not continuous at 0, so the property does
not hold. This is a reason why existence of the limits is not enough for the composition of functions.

Problem 2. (xx) Consider the discontinuous function

f(-r)={1 w0

0 =<0

and let g(x) = 22. Compute lim, o f(g(z)).

Solution 2. We first compute the composition of the functions,

0 =0

f(g(w))=f(w2)={1 e

since 22 > 0 whenever x # 0 and 22 = 0 when z = 0. Therefore, we have

lim f(g(z)) =1,

z—0

since f(g(x)) is equal to 1 for all = # 0.

Note: In this example, even though the the limit lim, o f(z) does not exist (check that the left
and right limits give different values), the limit of f(g(z)) still exists. If we tried to take the limit
inside, lim,_o f(g(z)) = f(lim;_0 g(x)) then we would have gotten the incorrect answer, for the same
reasoning as the previous problem.
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Problem 3. (xx) Consider the discontinuous function

1 =0
f(x):{() x # 0.

Compute lim, o f(f(z)).

Solution 3. We first compute the composition of the functions,

0 z=0

FU@) = {1 e

Therefore, we have
tim £(f(x)) = 1.
Note: In this case, if we incorrectly used the property lim, o f(g(x)) = f(lim;—0 g(z)) then we get
lim f(f(z)) = f(lim f(z)) = f(0) =1,

z—0 z—0

which is the correct answer. This just happened by chance, and the steps to arrive at this conclusion
is completely wrong without more justification. This is also the usual counter example that disproves
the claim that if lim,_,; f(g) = L and lim,_,, g(z) = b, then lim,_,, f(g(z)) = limy— f(g) = L.

1.5.5 Limits at Infinity (Horizontal Asymptotes)

Strategy: The limit as © — oo is usually straightforward. We proceed as follows:

1. We first check f(oo) to figure out the form of the limit. If this gives us a number, then f(oo) is
our limit and there is nothing more to do.

2. If our function is in an in-determinant form, then we simplify our equation until it is of the form

o 0
< org.

3. Divide the numerator and denominator by the highest degree term, then take z — oo and
recompute the limit.

If we take the + — —oo and there is a square root in our problem, then we have to be careful. It is
usually best to make a change of variables t = —z, and use the fact lim,, o f(z) = lim;_, o f(—1).

Problem 1. (%) Determine the following limit
502+2.

lim e~
Tr—r — 00

Solution 1. We first try to substitute —oco into our function

2 2
€x+2 :eoo+2:eoozo
r=—00
is not an indeterminate form, so
; —2%42
lim e =0.
Tr—r—00
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Problem 2. (x) Determine the following limit

Solution 2. We first try to substitute co into our function

z+1 o0
V22 + 2z + Tle=cc 00
This is an indeterminate form of the form 22, so we can divide the numerator and denominator by the
highest degree polynomial,
1 1 1 1+ 1
lim %: lim %-%: lim ———t =1
/ 1/
x—=00 /2 + 20+ 7 a:—>o<>27 x4+ 2x+7 T—00 1+%+£lz

Problem 3. (xx) Determine the following limit

. r+1
lim

B N v

Solution 3. We first try to substitute —oo into our function

r+1 00
Va2 4+ 2z + 7la=c0 0o’

This is an indeterminate form of the form 22, so we can divide the numerator and denominator by the
highest degree polynomial. Since there is a square root in our question, we have to be careful because
we cannot put a negative number inside of the square root to simplify it. Instead, we use the change
of variables t = —z and notice

—t+1

= lim
,/ _2t+ t—)oo o

z+1 —t+1 1
= lim - ———
T

= lim
z—> oo,/x2_~_2x+ t—00 /_ 2_2%t+ 7 t— 00

u-\w —|—
u.\»a

7

t2

Problem 4. (xx) Determine the following limit

lim (v/922 4+ 2 — 3x).

Solution 4. We first try to substitute co into our function
(V922 + = — 3x)

This is an indeterminate form of the form oo — co. This form is really hard to work with, so we first
rewrite our function by rationalizing the root

=00 — OQ.
=00

V922 +x + 3x x
lim (V922 +x —3z) = lim (V922 4+2-37)  ——— = lim ———.
$—><><>( ) $—>0°( ) V922 + 143z w0922+ 1+ 3z
It is easy to check that this limit is of the form 2, so we can divide the numerator and denominator
by the highest power and conclude

1
1 1 1
lim ————— = lim £ ————— = lim

1
T—00 4/ I2+I+3I T—00 ‘/9I2+I+31' T—00 9+l+3_\/§+3_6.
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1.5.6 Infinite Limits (Vertical Asymptotes)

Strategy: To find the behavior of our function at a vertical asymptote, we first substitute a value of
x at the asymptote, and remember the asymptotic behavior of the graphs of the standard function

1 1 -
oF =% 5= =% e™ =00, In(0") = —o0, In(c0) = o0, tan(g ) = 00, etc

If our answer is infinite, then we don’t need to do any more work. However, if we have an indeterminate
form, then we can proceed like usual to compute the limit.

If we want to find the vertical asymptotes of a combination of basic functions introduced, we should
start by checking for asymptotes where f(x) is undefined.

Problem 1. (%) Determine the following limit
. 2 1
lim (f — 7)
z—1- \z  In(z)

Solution 1. We first substitute £ = 1~ into our function

2 1 21! *2—i*2+oofoo
z  In(z)le=1- 1= In(17) 0- -

This is not an indeterminate form, so we can conclude,

zlg?f (% B ln(lx)) -

Problem 2. (xx) Find the vertical asymptotes of the function

1
f@) =

X

Solution 2. Since f(x) is undefined when z = £2, and continuous everywhere else, it suffices to check
for vertical asymptotes at x = +2. Notice that

z+1 3 q I z+1 3
im —— = — =00 an im = — =—-
=2+ 22 —4 0t z—2- 12 —4 0~
so there is vertical asymptote at x = 2. Similarly,
z+1 -1 q . r+1 -1
im ———=— =00 an im ——=—=—00
s—s—2+ x2 —4 0— z——2- 22 —4 ot
so there is vertical asymptote at x = —2.

1.5.7 Special case of a limit at infinity (Slant Asymptotes)
Recall that a line y = mz 4+ b and m # 0 is called a slant asymptote if

lim [f(z) — (mz+b)]=0o0r lim [f(z)— (mx+0b)]=0.

Tr—r00 Tr——00

We call the line ma +b a slant asymptote at co (or a slant asymptote at —oo if the second case occurs).
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Problem 1. (xx) Find the slant asymptotes of the function

3
x
fla) = 2 +1
Solution 1. Using long division, we notice that
x3 x

peares Sk Rl

In this form, we see that f(x) is almost the equation of a line x + b, with the intercept term b = —
going to 0 as x gets large. To check that = is a slant asymptote at oo, we have

_x
241

3

lim {

Tr—r00

—x}zlim m =0
2 +1 z—o00 22 4+ 1

and similarly, to check that z is a slant asymptote at —oo, we have
3 _ T

— m} = lim ——=
2 +1 z——oco g2 4+ 1

lim [ 0.

Tr—r—00

Problem 2. (xx*) Find the slant asymptotes of the function

f(z) = 7z + tan~ ().

Solution 2. We see that f(z) is almost the equation of a line 7wz + b, with the intercept term b =
tan~!(z) going to 7/2 as x gets large and —7/2 as z gets small. To check that mx + 7/2 is a slant
asymptote at oo, we have

lim {mc + tan~ Y (z) — (7z + g)} = lim tan"'(z) — g =0

r—00 Tr— 00

and similarly, to check that 7z — 7/2 is a slant asymptote at —oo, we have

lim [77:10 +tan" ! (z) — (7 — g)] = lim tan~!(z) + T-o.

T—>—00 T——00 2

The graph of the f(x) is in red and the slant asymptotes are plotted in the dotted blue lines,

20 #

=
T
"y

N |
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1.5.8 Squeeze Theorem Problems
Strategy: We want to find upper and lower bounds of f(z) that have the same limits as © — a.

Problem 1. (%) Determine the following limit
. A
lim zsin (7)
z—0t x

Solution 1. We first substitute z = 0 into our function

n ()
rsim | —
x

which is an indeterminate form. There is no algebraic way of simplifying the sin(z), so we use the
Squeeze theorem to find an appropriate limit. Notice that the range of sin(z) € [—1, 1], so we have

e 0 - sin(00).

—1 <sin (l) <1 for all z > 0.
T

Therefore, multiplying both sides by > 0, we have
1
—x < xsin (7> <z
x
Computing the limits of the lower and upper bounds we see

lim (—z) =0and lim =z =0.
z—0t z—0+

These limits are the same, so the squeeze theorem implies

lim xsin <1) =0.

r—0t T

Problem 2. (x%) Determine the following limit

lim /ze* (/)

z—0t
Solution 2. We first substitute z = 0% into our function
\/Eesin(ﬂ/:r)

which is an indeterminate form. There is no algebraic way of simplifying the es™(™/%) so we use the
Squeeze theorem to find an appropriate limit. Notice that the range of sin(z) € [—1, 1], so we have

=0- esin(oo).

=01

—1 <sin (z) <1forall z>0.
T

Therefore, exponentiating everything we have
el < esin(n/z) < 1
and then multiplying by 1/z, we have
\/5671 < \/Eesin(w/m) < \/Eel.
Computing the limits of the lower and upper bounds we see

lim ze ' =0and lim /ze' =0.
z—0t

z—0t

These limits are the same, so the squeeze theorem implies

lim /ze™™/?) = 0.

z—0t
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Problem 3. (xx*) Prove the basic trigonometric limit,

lim sin(x)

x—0 x€X

=1.

Solution 3. Let 0 < x < § and consider the picture of the unit circle:

J—
D
B
L tan(x)
sin(x)
x
O cos(x) C A

From the picture, we see that the area of the inner triangle AOCB is less than the area of the sector
<OAB, which is less than the area of the outer triangle AOAD. Computing the areas explicitly using
the formula for the triangle and the sector of a circle, we have

x < —tan(zr) = sin(z) cos(z) < z < tan(x).

N
N

% sin(z) cos(z) <

Since sin(z) > 0 on this interval, we can divide by sin(z) and conclude

Computing the limits as  — 0T of the upper and lower bounds, we see

lim =1, and lim cos(z) = 1.
z—0+ cos(x) a—0+

These limits are the same, so the squeeze theorem implies

T
z—0+ x
sin(x) sin(x)

To compute the other one-sided limit, notice that is even, so lim,_,o- — — = 1 by symmetry.

x
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Problem 4. (xx) Determine the following limit

Hint: Use the fact |sin(9)| < |6] for all 6§ € R.

Solution 4. We first substitute z = 0 into our function

sin(2?) + 0

Vat + 422 le=o+ 0

which is an indeterminate form. For § > 0, we have the bounds —6 < sin(#) < 6 (we can prove this
bound later in the course using the mean value theorem). Taking 6 = 22, for x > 0 we have

—z? <sin(2?) < 2%
Therefore, we can add z and divide by vz* + 422 to conclude

-2 +z sin(m2)+z< >+
Vot 422 T Vat + 422 T Vot + 422

Computing the limits of the lower and upper bounds, we see

I —z2 4z i —r+1 1 1
m — = im — = — =
a—0+ /2d + 422 am0t 22 +4 4 2

and

. 2+ . r+1 1
im —— = lim —— = —
z—0t /x4 + 422 =0t /22 + 4 \/ZI

These limits are the same, so the squeeze theorem implies

1
5"

sin(z?) +z 1

lim ——— = —.

a:;%lJr Vvt + 42 2
Note: The identity 0 < sin(f) < 6 for § > 0 can also be used to derive the same limit. However, one
can check that the usual bounds —1 < sin(x) < 1 will not work in this problem, so we have to use a
sharper bound for sin(z).
1.5.9 Using Special Limits
Problem 1. (xx) Determine the following limit

sin(z?) + x

lim ————.
=0t /x4 + 42

Solution 1. Instead of using the squeeze theorem like in the last section, we can use the identity
sin(x)

lim, o =~ = 1. In this case, if we multiply the numerator and denominator by z, we have
. 2 . 2
o R B e S Sl SIS S
0t L A a2 a0t Ve i 4 eo0r Va?td VA 2
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Problem 2. (xx) Determine the following limit

1 t
i x51n.(33:’v) an(x)
z=0  sin”(9x)

Solution 2. We can use the identity lim,_q Smgﬂﬂ =1 to solve this problem. Since our functions are

continuous, we can use the limit composition theorem to conclude for all a # 0,

. . n(t
lim sin(az) = a lim M =a- lim w =a and lim — i = lim
=0 z—=0  ax t—0 t =0 sin(ax)  z—0

(sin(am) ) -1

T

where we used the fact that £ — 0 is the same as ¢t = ax — 0. Therefore,

x sin(3x) tan(x) . xsin(3z) sin(x)
=0 sin”(9x) =0 sin”(9z) cos(x)
. x sin(3z) sin(z) 1
= hm ( - - — - — . >
z—0 \sin(9z) sin(9z) sin(9z) cos(zx)
. x sin(3x) x sin(x) x 1
= lim ( - : - — . - .
2—0 \sin(9z) x sin(9x) x  sin(9z) cos(x)
1 1 1 . sin(ax)
=—-3---1-—--1 lim =a
9 9 9 z—0 T
1
243

Problem 3. (x%) Determine the following limit

1 — cos(3z)
=0 sin(27)

Solution 3. We can use the identity lim,_.q % =1 and lim,_,q % = 0 to solve this problem.
We have,
1— —
; 'cos(3x) — lim (_ cos(3z) -1 o )
=0  sin(2z) =50 x sin(2x)
. 3 cos(3z)—1 2x
= lim ( - = - = )
=0 2 3z sin(2x)
_ 3 0. 1 lim sin(ax) —1  lim cos(ax) — 1 _0
2 2 z—0 ax z—0 axr
=0.
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