November 18, 2018 MAT186 — Week 10 Justin Ko

1 Techniques of Integration

1.1 Integration By Substitution (Change of Variables)

We can think of integration by substitution as the counterpart of the chain rule for differentiation.
Suppose that g(z) is a differentiable function and f is continuous on the range of g. Integration by
substitution is given by the following formulas:

Indefinite Integral Version:

/ £(u) du = / fo@@)g/ (@) dz  where u= g(z).

Definite Integral Version:

/g(a) u)du = / f(g where u = g(x).

1.2 Integration By Parts

We can think of integration by substitution as the counterpart of the product rule for differentiation.
Suppose that u(z) and v(x) are continuously differentiable functions. Integration by parts is given by
the following formulas:

Indefinite Integral Version:

1.3 Average Value of a Function

The average value of a function f on the interval [a b] is given by

fave =

We can interpret fu,. as the number such that half the area of the curve lies above it, and half the
area lies below it. In other words, f,ye is the number such that

/ (F@) = fane) do = 0.

Example: The average of f(z) = z? and g(z) = = + 1 on the interval [—2, 2] is displayed below:
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1.4 More Properties of Integration

1.

Integration of Odd Functions: If f(z) is odd, then

' f(z)dx =0.

—a

. Integration of Even Functions: If f(x) is even, then

_a f(z)dx = 2/0(1 f(x)dx.

The following theorem says that a continuous function attains its average value:

Theorem 1 (The Mean Value Theorem for Integrals). If f is continuous on [a,b], then there
exists a number c € [a,b] such that f(c) = fave. That is, there exists a c € [a,b] such that

/ f(z)dz = f(e)(b—a).

We can “move” the average integral inside of a function that is concave up:

Theorem 2 (Jensen’s Inequality). If f(x) is a continuous function on [a,b] and ¢"(x) > 0 for
all x in the range of f, then g(fave) < (g0 [)ave- That is,

o2 [rww) < ;1 [ ey

1.5 Example Problems

1.5.1 Integration by Substitution

Strategy: The idea is to make the integral easier to compute by doing a change of variables.

1. Start by guessing what the appropriate change of variable v = g(z) should be. Usually you

choose u to be the function that is “inside” the function.

. Differentiate both sides of u = g(x) to conclude du = ¢'(x)dz. If we have a definite integral, use

the fact that £ = a — u = g(a) and © = b — u = g(b) to also change the bounds of integration.

Rewrite the integral by replacing all instances of x with the new variable and compute the integral
or definite integral.

If you computed the indefinite integral, then make sure to write your final answer back in terms
of the original variables.

Problem 1. (%) Find the following indefinite integral

/tanh(x) dmz/idm
et +e- "
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Solution 1.

Step 1: We will use the change of variables u = e® + e~ 7

)

du

s =e"—e "=du=(e"—e ")dx.

Step 2: We can now evaluate the integral under this change of variables,
e’ —e 7 du
/7dx:/—=1n|u|+C
et +e " U
=lnle® +e "+ C. u=-¢e"+e "
Since e® 4+ e~* > 0, we can remove the absolute values if we wish giving the final answer

/tanh(x) dxr =1n(e” + e %) + C.

Remark: We can use the fact e + e~* = 2 cosh(x) to conclude that

In(e” + e7%) + C = In(2cosh(z)) + C = In(cosh(x)) + In(2) + C = In(cosh(x)) + D.
D

This form of the indefinite integral may be easier to remember since it mirrors the fact that

/tan(x) dx = —1In|cos(z)| + C.

Problem 2. (x) Evaluate the following integral

1
/ V1 — 22 dux.
0

Solution 2.

Step 1: We will use the change of variables u = 1 — 2,

1
%z—Zﬂ:iduz—Qﬂ:dmé—idu:xdm, r=0—->u=1, r=1—>u=0.

Step 2: We can now evaluate the integral under this change of variables,

1 0
1
/ :L’\/l—xQd:c:—ﬁ/ Vudu = —
0 1
Remark: Instead of changing the bounds of integration, we can first find the indefinite integral,
1
/x\/l —z2dx = —5(1 — 2?3,

then use the fundamental theorem of calculus to conclude

! 1 ge=1 1
/ x\/l—xde:—i(l—ﬁ)f =-.
0

z=0 3

2 3 u=0 1
—Uu2 =
3

1
2 u=1 3
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Problem 3. (xx) Find the following indefinite integral

1
——dux.
/1+\/5 .
Solution 3.

Step 1: We will use the change of variables u = \/z. Then

1
du _ = 2y/zdu = dx = 2udu = dx.

dr 2z

Step 2: We can now evaluate the integral under this change of variables,

1 2u
——dr= | — du.
/ 1+ v / 14+u b
This integral is a bit tricky to compute, so we have to use algebra to simplify it first. Using long
division to first simplify the integrand, we get

2 1
/ v du:2/ Y du:2/1— du
1+u 1+u 1+u

=2u—2ln|l+u/+C
=2z —2In|1 + x|+ C. u=+x.

Problem 4. (xx) Find the following indefinite integral

/ sec(x) dx.

Solution 4. We first do a trick by multiplying the numerator and denominator by sec(z) + tan(z),

/sec(x) dr — / sec(z)(sec(z) + tan(x)) dp — / sec?(z) + sec(x) tan(x) .

sec(x) + tan(z) sec(x) + tan(x)

Step 1: We will use the change of variables u = sec(x) + tan(z),

Z—Z = sec(z) tan(x) + sec?(x) = du = (sec(z) tan(z) + sec?(z)) du.

Step 2: We can now evaluate the integral under this change of variables,

/scc(x) = / sec?(x) + sec(x) tan(z)) s :/%du

sec(z) + tan(z)

=Infu|+C
= In|sec(z) + tan(z)| + C. u = sec(x) + tan(x)

Problem 5. (xx) Find the following indefinite integral

2
/sech(m) dx = /77 dx.
et e "
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Solution 5.

Step 1: We will use the change of variables u = e”,

d7u
dx

Step 2: We can now evaluate the integral under this change of variables,

/sech(z)dmz/#dmz /#du
er +e? w(u+u~l)

2
:/Td“
u® 41

=2tan"!(u) +C
= 2tan_1(ex) + C. u=e

1 1
=e’ = dr = —du= dr = —du.
er u

r

Alternative Solution: We first do a trick by multiplying the numerator and denominator by e”,

2 2e”
h Y D R R
/sec (x) dx /696 g dx /621, 1 dx

Step 1: We will use the change of variables u = e”,
d
M e = du = e dx.
dx

Step 2: We can now evaluate the integral under this change of variables,

2e” 2
h = _— = e
/Sec (z)do /e% v / 21

= 2tan"*(u) + C
= 2tan71(e‘”) +C. uw=e"

1.5.2 Integration by Parts

We will introduce a method to bookkeep multiple integration by parts steps simultaneously. This is
called the tabular method for integration by parts. You pick a term to differentiate and a term to
integrate then repeat the operation until product of the terms in the last entry of the table is easy to

integrate.

The integral can be recovered by multiplying diagonally across the rows of the table adding up all
terms with alternating signs. The last term in the table is integrated across.

For example, the formula to integrate [ u(x)v”’(z)dz by parts can be encoded by the table

+ D I

+ u "
A

_ o' \ v

+ " v
5

v

. f u"!

IS
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which gives us the formula

/u(x)v”’(x) dr = u(z)v" (x) — o' (2)v'(z) + u" (z)v(z) — /u’”(x)v(x) dx.

1.6 Examples
Problem 1. (x) Compute

/ re” dx.

Solution 1.

Step 1: Draw the table

+f 0 €

Step 2: From the table, we have
/xe‘”dm =zxe® —e” + C.

Problem 2. (xx) Compute
/ 2%e” du.

Solution 2.

Step 1: Draw the table

+ D I
+ 20 e*
— 65 e

+ 30z% €

— 12023 €*
+ 36022 e”
— 720 e*

+ 720 er

Step 2: From the table, we have

/9566E dr = 2%¢® — 62°e® + 302%™ — 1202%e® — 720xe” + 720" + C.
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Problem 3. (xx) Compute
/ ztsinz d.

Solution 3.

Step 1: Draw the table

+ D I

+ x4 sinx

— 473  —cosw
+ 1222 —sinz
— 24x cos X

+ 24 sinx

— f 0 —Ccosx

Step 2: From the table, we have
/x4 sinzdr = —z* cosz + 4a® sinz + 122 cosz — 24x sinx — 24 cosz + C.

Problem 4. (xx) Compute
/ e“sinx dzx.

Solution 4.

Step 1: Draw the table

+ D I
+ sinx e*
- CcosS T e’
+ [ | —sinz ¢*

Step 2: From the table, we have
/ew sinzdxr = e”sinx — e” cosx — /e’J sinzdx + D.
Moving all the [ e®sinz dx to one side and simplifying, we can conclude
2 [ e*sinzdr =e*sine —e*cosz+ D = e’ sinxdx = 56 sinx — §e cosx + C.
Problem 5. (xx*) Compute

/er cos(z) dx.
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Solution 5.

Step 1: Draw the table

+ D I
+ T CosT e*
- cosT — xsinx er
+ [ | —2sinz —zcosx €”

Step 2: From the table, we have
/wew coszdr = xze® cosx — e’ cosx + xe® sinx — Q/em sinx dx — /:re"” cos dx.
Moving all the [ ze® cosz dz to one side and simplifying, we can conclude

Q/xem cosxdr = xe® cosxt — e” cosx + ze’ sinx — 2/6z sinz dz
=zge*cosz —e*cosx +xetsiny —e*sinx + e* cosx + C. Problem 4

Dividing both sides by 2, we can conclude

1 . .
/me””cosxdac:§ ze® cosx + xzetsiny — e*sinx | + C.

Problem 6. (x) Compute
/hl(x) dx.

Solution 6.

Step 1: Draw the table

Step 2: From the table, we have

/ln(:l:)dx:xln(x) —/ldzzr = zln(z) — 2+ C.

Problem 7. (xx) Compute

2
/ 2> Inzdz.
1

Solution 7.

Step 1: Draw the table
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Step 2: From the table, we have

+ D I
+ lnz 23
-/ =

) 1 1 1 1
3 _ 14 4L 3. _ 2. 4 _ 4
/:c lnxdac74x Inx 4/:0 dx 4x Inx 5+ C.

16

Step 3: We can now use the fundamental theorem of calculus to compute the definite integral,

4 16

2
/ 2 Inzdr = 1x4ln:ﬂf ix
1

4

Problem 8. (xx*) Prove the reduction formula

/ sin” (z) dx

Solution 8.

Step 1: Draw the table

1

r=2

=1

1
741n271+1f6741n27—

-1
= ——sin"" () cos(z) + n /sin”fQ(:E) dx.

n

n

+ D I
+ sin” () sin(z)
— [ | (n—1)cos(z)sin" ?(z) — cos(x)

Step 2: From the table, we have

/sin”(x) dr = —sin" ! (z) cos(x) + (n — 1) / cos?(z) sin" 2 (z)

= s @) cos(a) + (0= 1) [ (1= s ) s 2(2)

15
16

sin?(z) + cos?(x) = 1

= —sin" " *(z) cos(z) + (n — 1)/sin”_2(33) dx — (n — 1)/Sin”(a:) dx

Moving all the the [sin"(z)dxz terms to one side, we can conclude

/ sin™ (z) dz = — sin™ " (z) cos(z) + (n — 1) / sin"2(z) d

n
= n dr = — =i n—1
sin™(z) dz —sin (x) cos(z) + -

1

1.6.1 Proofs of Properties of Integration

n—1

Problem 1. (x**) Suppose that f(—xz) = f(x). Prove that

_a f(x)dx=2/0af(x)da:.
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Solution 1. By the properties of definite integrals, we have

a 0 a —a a
f(z)dx = f(;zc)dw—l—/ f(z)dx = — f(m)dx—l—/ f(z)dx.
—a —a 0 0 0
Using the change of variables u = —z on the first integral, for even function f,
f(z)dx = —/ f(—u)du u=—z, du=—dr, t=0—-u=0, r=—-a—u=a
0 0
= —/ f(u) du f(=x) = f(x)
0
= —/ f(x)dx.
0
This computation implies
flz)de = — f(z) d:ch/ fl@)dz = / flx) der/ flx)de = 2/ f(z)dx.
—a 0 0 0 0 0

Problem 2. (x**) Suppose that f(—x) = —f(z). Prove that

' f(z)dx = 0.

—a

Solution 2. By the properties of definite integrals, we have

a 0 a —a a
fz)dz = f(m)dx—|—/ f(z)dx = — f(x)dx—l—/ f(z)dx.
—a —a 0 0 0
Using the change of variables u = —z on the first integral, for odd functions f,
f(z)dx = f/ f(—u)du u=—z, du=—dr, r=0—u=0,z=—a—u=a
0 0

- /0 " f(u) du f(=2) = —f(a)

_ /Oaf(x) dz.

This computation implies

_af(x)dac:— ; f(x)dx—f—/o f(x)dx:—/o f(x)dx—l—/o f(z)dx = 0.

Problem 3. (xx %) Justify the technique used to solve separable ordinary differential equations:

dy dy
L=t = [ L= [ @i 6w = F@ 0

where G(y) is an antiderivative of y and F (z) is an antiderivative of f(z).

_1
gy
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% and writing y = y(x) explicitly as a function of z, we have

Yy () B o) da
(y(@) ‘/ﬂ)d

Using the change of variables u = y(x) on the first integral involving the y(x) term, we see
! d d
/y(x)dz:/u:/ y
9(y(z)) g(u) 9(y)
Therefore, using this change of variables, we can conclude that

@fumé/ﬁfﬁmw

This means there is a hidden change of variables that goes on when we formally separated % in the
second step of the technique.

Solution 3. Using the notation y'(z) =

Y= F@ey) >

= [f(z) =

Problem 4. (xxx) Vanishing Theorem: Suppose that f(z) is a continuous function on [a,b] such
that f(z) > 0 for all [a,b] and
b
IRCS

Solution 4. On the contrary, suppose that f(z*) > 0 for some point 2* € [a,b]. Then by continuity,
we must also have that f(z) > 0 on some interval [k, €] C [a,b]. By the mean value theorem of
integration, there exists a ¢ € [k, £] such that

/f F()E— k).

Since we also have that f(z) > 0 for all x € [k, £], we must have f(c¢) > 0, which implies that

/f e —k) >

Since f(z) > 0, by the monotonicity of integration, the conclusion above implies

[fﬂmdlefﬂmdx>m

which contradicts the fact that ff f(z) dx = 0. Therefore, we must have that f(z) =0 for all x € [a, b].

Prove that f(z) =0 for all z € [a, b].

Problem 5. (x x x) Prove the Mean Value Theorem for Integration by applying the Mean Value
Theorem to the function F(z) = [ f(t)

Solution 5. By the fundamental theorem of calculus, F(z) is continuous on [a, b] and F(x) is differ-
entiable on (a,b). Therefore, by the mean value theorem there exists a ¢ € (a, b) such that

F()—-F
PO _ prie) = 1eo)
Since F(b) f fl@)de — [ f(z)de = ff f(x)dz, there exists a ¢ € (a,b) such that

Lﬁ%@— /f CIE)
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Problem 6. (x %) Jensen’s Inequality: Suppose that f(z) is a continuous function on [a,b] and
g"”(x) > 0 for all x. Prove that

g(b_fCljﬁbf<x>dx) <1 abg(f(x))dx-

Solution 6. Let L(z) be the linear approximation of g at the point = fu.. Since ¢g"”(x) > 0, we
have g(z) lies above its tangent line so,

L(I) = g(fave) + g/(fave)(x - fcwe) < g(x)
Since this holds for all x, we have L(f(x)) < g(f(x)). Taking the average integral of both sides and

using the monotonicity of definite integrals, we can conclude

b b
9fone) = 5z [ 9Ume) 4 9 ) (@) = Fone) o < = [ glf(a)) d.

Remark: We only require ¢”(x) > 0 on the range of f for the inequality to hold. This is because
fave 18 in the range of f by the mean value theorem of integration, and g is only evaluated at points
in the range of f. If ¢’(x) > 0, then the same proof shows g(fave) < (g © f)ave provided that f is not
a constant function.

Remark: It is easy to see that the opposite inequality holds if ¢”(x) < 0. Suppose that ¢’ (z) < 0,
then —g”’(x) > 0, so Jensen’s inequality implies that

_g(fave) < (_g © f)ave = g(fave) > (9 © f)ave~
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