August 17, 2020 APM346 — Week 12 Justin Ko

1 Fourier Transform

We introduce the concept of Fourier transforms. This extends the Fourier method for finite intervals
to infinite domains. In this section, we will derive the Fourier transform and its basic properties.

1.1 Heuristic Derivation of Fourier Transforms
1.1.1 Complex Full Fourier Series
Recall that DeMoivre formula implies that
ol _ it ¢i0 4 =0
—

sin(f) = — and cos(f) =

This implies that the set of eigenfunctions for the full Fourier series on [—L, L]

{1,cos (%),COS (%Tx),...,sin (%),sin (%Tx)’}

in

is generated by the set of complex exponentials {¢“Z" },cz. Consider the inner product for complex
valued functions

<f79>:/_L f(l‘)mdx

inmTx inwx

Since the complex conjugate e L= =e~ L , it is also easy to check for n # m, that
L - _
inmtx imnx intx —immnT —1 n—m _ —1 m-n
<6T76T>:/ e L erm:( ) ( ) =0,
_L im(n —m)

so the complex exponentials are an orthogonal set. We have the following reformulation of the full
Fourier series using complex variables.

Definition 1. The complex form of the full Fourier series is given by
fl@)= ) e (1)

where the (complex valued) Fourier coefficients are given by

inmz L _inmx
@) L0l L e, 2)
" <6%,6%> f_LLe%ef%daj 2L J_p, '
The proof of Parseval’s equality also implies that
= 2 e 2
3 el =gp [ @R 3)

1.1.2 Fourier Transform

We now formally extend the Fourier series to the entire line by taking L — oco. If we substitute (2)

into (1), then
e L : .
f@) =5z 3 ([ s an)e e

n=—oo
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We define k, = “* and Ak =k, —kp_1= 7 then this simplifies to

f(@) = — </ fz)e™ ””da:) Tt N = —— C(kn)e" ™" Ak.
V2r

n—=—oo n—=—oo

where

_ 1 L —ikx
Ck) = T /_L f(z)e dx.

If we take L — oo, then

C(k) = \/%/—L f(x)e ™ dg — —/ f(x)e ™ dg (4)

and interpreting the sum as a right Riemann sum,

flz) = lim —— \/ﬂ > Clkn)e™ = Ak — \/?/_Oo C(k)e™™ dk. (5)

Similarly, Parseval’s equality (3) becomes

/ F@Pdr=20 3" Jeul? = 2L Z s

n=—oo

n=-—oo

2 0o

= / fl@)e = 3 [0tk

/:)o |f(2)]? dz = /jo |C(k)|2dk. (6)

Remark 1. The step where we took L — oo was not rigorous, because the bounds of integration and
the function depend on L. A rigorous proof of this extension is much trickier.

1n7r7:

dzx

so taking L — oo implies

1.2 Definition of the Fourier Transform

The Fourier transform JF is an operator on the space of complex valued functions to complex valued
functions. The coefficient C'(k) defined in (4) is called the Fourier transform.

Definition 2. Let f : R — C. The Fourier transform of f is denoted by F[f] = f where

. 1 o0 ,

k)= — z)e kT dy 7
fy=—= [ 1@ 7)
Similarly, the inverse Fourier transform of f is denoted by F~1[f] = f where

_i = eika:
fla)= = / ke . (8)

The follows from (5) that F and F~! are indeed inverse operations.
Theorem 1 (Fourier Inversion Formula)

If f and f' are piecewise continuous, then F~[Ff] = f and F[F~1f] = f. In particular,

f(m):\/%/_ f(k)ye™ dk and  f(k \/ﬁ/ f(x)e ™ de.

Remark 2. Technically the Fourier inversion theorem holds for almost everywhere if f is discontinuous.

[]:f] flz™ )+f(r )

In fact, one can show that F— , similarly to the pointwise convergence theorem.

The Fourier transforms of integrable and square integrable functions are also square integrable (6).
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Theorem 2 (Plancherel’s Theorem)

If f is both integrable and square integrable, then || f||z2 = |fllz2 = ||f|| L2, i.e.
| ls@Pde= [ 1iwpa= [ i) )

Remark 3. In the Definition 2, we also assume that f is an integrable function, so that that its
Fourier transform and inverse Fourier transforms are convergent.

Remark 4. Our choice of the symmetric normalization v/27 in the Fourier transform makes it a
linear unitary operator from L?(R,C) — L?(R, C), the space of square integrable functions f : R — C.
Different books use different normalizations conventions.

1.3 Properties of Fourier Transforms

The Fourier transform behaves very nicely under several operations of functions. We have already
seen that the formulas for the solutions of several PDEs we have encountered can be expressed as
convolutions.

Definition 3. The convolution of f and g is a function f % g defined by

(f * 9)(a / f(@ — y)gly) dy = /_Oof<y>g<x—y>dy. (10)

We now state several properties satisfied by Fourier transforms.

Theorem 3 (Properties of Fourier Transforms)

If f and g are integrable, then
L Ff(z —a)] = e~ *f (k) 5. FIf' ()] = ikf(k)
2. Flf(z)e™] = f(k —b) 6. Flaf(a)] =if (k)
3. Flf(a)] = A7 F(A k) 7. FI(f * 9)()] = vV2r f(k)a(k)
4. F(f(x)] = f(=k) 8. Flf(@)g(@)] = 7= (f * 9)(k)

Proof. We demonstrate how to prove some of these properties because the other proofs are similar.

(Property 1—4) These properties follow immediately from a change of variables. For example,
property 1 follows because

Flf(x—a)] = \/%/_ fla — a)e e dg VEC \/%/ F(y)e~*wTa) gy

77,ka
72ky d
\/27r / UC Y

_ —zkaf

(Property 5—6) These properties follow immediately by interchanging differentiation and integra-
tion. For example, if we write f(x) as the inverse Fourier transform of f

1 <z ikx
@) = <= / et a.
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then computing the derivative implies that

1 _Li R ei:c i ikx _ 717; ") =3
Fla) == [ Fe k= o [ e i = F ik 0] = FIf @) = )

We are able to pass the derivative inside the integral by Leibiz’s rule provided that ik f (k)e'™? is in-
tegrable. This integrability condition is implicitly satisfied because we assumed that the functions in
the theorem have convergent Fourier and inverse Fourier transforms.

(Property 7—=8) These properties are the hardest to prove, so we will show it in detail. The proof
of property 7 follows from a change of variables and Fubini’s theorem

1 > )
Flir =) = - | ura@eta
_ L > > _ —ikx
= \/ﬂ/_oo /_OO f(@—y)g(y)e™ ™" dydx
= \/%/700 [m f(x—y)g(y)e_ikm dzxdy Fubini’s Theorem
- ﬁ /,oo [m FRgy)e ™ dedy == 0y

— m(\/lﬂ /o:o f(z)e ™= dz> (\/12? /O:O gly)e ™ dy)
= V27 f(k)g(k).

To prove property 8, we can write g(x) as the inverse Fourier transform of §,

Aot = = [ s (\/12? / gt dﬂ)e‘“‘” i

1 o0 o
= */ / g(0) f(x) —i(k=0z grd¢ Fubini’s Theorem

\/ﬂ/ —0)d¢ Definition (7)

= E(f x g)(k) Definition (10)

O

Remark 5. In Theorem 3, we also assume that f is nice enough so that the Fourier transforms
and inverse Fourier transforms make sense. For example, in property 5 we need to assume that f is
differentiable and the inverse Fourier transform of ik f(k) converges.

Remark 6. Property 5 can be proved by integration by parts if we assume that f(+oo) =0,

Flf'(z)] = \/%/_ f’(m)e_“m dx = \/%f(x)e_“” :7 + Zk\/%/_ f(;c)e_ik’” dx = zk‘f(k)

This is the standard proof of this property, and it requires that assumption that f(+oo) = 0 for the
boundary terms to vanish.

Remark 7. If we define f_(x) = f(—=x), it is also useful to notice that a change of variables implies

V ikx 1 > —izy _ £ _
=) = = / ket di =Y / ey = f@ = FIL
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and
1

FIf) = f(k) = \%2? / T e da T N / T ey = = FULL (1)

Applying F or F~! to these identities imply that

FIFF@) = f(-2) = f@) = f(~2), FUF @] = f(-2) = f@)=f(-2). (13)

This observation is a generalization of property 4 in Theorem 3 and will be used many times to use
the Fourier transform formulas “in reverse”. For example, to prove property 8, we apply the inverse

of property 7 by applying (12) and the first identity f(—2z) = f(z) in (13),

Flf@g) & F -] ' F @) = o=+ a)(k)
Flf@)ata)) = =7 * D))

1.4 Summary of the Properties of Fourier Transforms

1.4.1 Fourier Transform

f6)= = [ rwet

1.4.2 Inverse Fourier Transform

. 1 Rl .
r) = —— k)e*® dk
fa)=—= [ 1)
1.4.3 Plancherel’s Theorem

[ u@par= [ liwpa= [ 1wk

1.4.4 Relationship Between Fourier Transforms and Inverse Fourier Transforms
L FIFf(@)]] = f(2) 3. FIF[f@)]] = f(==)
2. FUFf@)] = f(=) 4. FHFf@)] = f(-2)

1.4.5 List of Important Transformations

1 Flemot) = o (72%) 2. Fle==]|=e s
1.4.6 Properties of Fourier Transform
L Flf(x - a)] = e~ f (k) 5. Flf'(x)] = ikf(k)
2. Ff(x)e™] = f(k—b) 6. Flaf(x)] =if (k)
3. FIf(Ax)] = AT (A1) 7. FI(f * 9)(@)] = vV2r f(k)g(k)
4. Flf(x)] = f(=k) 8. Flf(x)g(w)] = o=(f *5)(k)
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1.5 Finding Fourier Transforms

Problem 1.1. (%) Find the Fourier transform of

f(x) = el a>0.
Solution 1.1. This can be computed directly. We split the region of integration,
o 1 o0 i ||
f(k) — / 7’L xr 7(11} dx
—\/7
o0
( —zkw+ax dl’+/ e—ikx—aw d(E)
0
77,ka:+a:r xT=00
< a— ik x_foo+ —a — ik la=0 )

(a—zk‘ a—&-zk)

27 Ca2+ k2 +k2

=0 efik:avfaz

a\ il aw aw

Problem 1.2. (xx) Find the Fourier transform of

22

J@)=e 7.

Solution 1.2. This can be computed directly. We do a complex change of variables,

R . 22 2 oo 2
f(k) = 7/ e e dp = 1 e / e~ 2@k gy complete the square
V2T J oo V2T o
1 k2 [ 2 ,
=—=e z e * dz (see the Remark 9)

oo i
=e 7. / e YV dy = /7.
J — 00

Remark 8. There is also a proof of this fact that avoids complex analysis. If f(z) = e‘é, then

2f(x) = —f'(x).

Therefore, if we take the Fourier transform of both sides and apply Property 1.4.6.5 and 1.4.6.6 then

Flof(@)] =if'(k) = —ikf'(x) = F[-f'(x)] = f'(k) =—kf(k).
Solving this ODE implies that

To find C, we plug in 0 and notice that

SO
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Remark 9. The imaginary change of variables z = %(az+zk) can be justified using complex analysis,

/ e~ 3@ +ik)® gy V2 e~ da.
R R+

For k& > 0 consider the contour integral over the closed rectangular path oriented counter clockwise,

1) z+ z% for « from M to —M

(2) —M + iy for y from % to 0

v
(3) « for z from —M to M

(4) M + iy for y from 0 to %

# is analytic, the integral over this closed path is 0, so

/ e dz —|—/ e dz —|—/ e dz —|—/ e dz = 0.
(1) (2) (3) (4)

Since e=*" is small when Re(z) = £M, if we take M — oo, the integrals over the regions (2) and (4)
vanish leaving us with

Since e~

o0 (o]
—22 —22 —22 —22
— e dz + e dz=0 = e dz = e dz.
ik ik
R+75 —oo R+7% —oo

Therefore,

o0
/ e~ 3@ +ik)” g V2 e dy = \/5/ e~ da.
R —o0

R+

A similar contour can be defined when & > 0 (see Remark 15 for the definition of this contour).

Problem 1.3. (%) Find the Fourier transform of

2

f(z) =ze % a> 0.

Solution 1.3. Instead of computing it directly, we start from the Fourier transform of the Gaussian,

M)

_zZ K2

@)= eF = glk)=e %

Since )
f(z) =ze T =z - g(vaz),

the properties of the Fourier transform implies that

Fk) = i Flo(Vale) /() i ()
d <1egi> FOx) = A7)

= —ik:cf%e*%.
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Problem 1.4. (x) Find the Fourier transform of

f(z) = (2 + a*) "' sin(ba) a>0,b>0.

Solution 1.4. Instead of computing it directly, we start from the Fourier transform of the exponential,

gla) =l — ) = = (s )

Unfortunately, the inverse of this transformation is what appears in the problem. Using a change of
variables (11) (or formula 1.4.4.3), we see that

so we can conclude that

h(z) = 9(x) = \/% (&) = h(k) = F[Flg(k)]] = g(~k) = e~**|.

Since

f(z) = (2 + a®) ' sin(bx) =

V21 ) V21 (h(z)e®® — h(x)e T
» h(z)sin(bx) = ( >7

the properties of the Fourier transform implies that

F = R k=) — Rk +8) S o D)

4ai

_ @(efa\kflﬂ _ €7a|k+b\).

 dai
Remark 10. We have that the Fourier transform also satisfies the following properties
1. The Fourier transform of an integrable function is continuous.
2. The Fourier transform of a real valued odd function is a purely imaginary valued odd function.
3. The Fourier transform of a real valued even function is real valued even function.

We can use these facts as a sanity check for our answer. Notice that the Fourier transforms in
Problems 1.1 and 1.2 are even in k and real valued. This is because the original functions were real
valued even functions. Notice that the Fourier transforms in Problems 1.3 and 1.4 are odd in k and
purely imaginary. This is because the original functions were real valued odd functions.
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2 Solving PDEs on Infinite Domains

Fourier transforms can be used to convert PDEs on infinite domains into ODEs. This is a consequence
of Property 1.4.6.5 applied inductively,

FIf (@) = ikf(k) = FIf"(2)] = ikF[f" ()] = ... = @k)"f (k). (14)

This implies that the Fourier transforms can be used to “remove” partial derivatives in certain coor-
dinates. We first explain the general procedure

1. Take the Fourier transform with respect to the unbounded variable. Solve the corresponding
ODE of the transformed problem to get the general solution.

2. Use the transformed initial/boundary conditions to recover the particular solution of the trans-
formed problem.

3. Use the inverse Fourier transform to recover the original solution.

Remark 11. The Fourier transform method to solve PDEs recovers solutions that decay sufficiently
fast at +o0o in the unbounded variable. This implicit assumption is required for the method to work,
because we need the Fourier transforms and inverse Fourier transforms of the solution to be well-
defined.

2.1 Example Problems

Problem 2.1. (xx) Using the properties of the Fourier transform, recover the formula for the bounded
solution u(x,y) of Laplace’s equation

Ugy + Uyy = 0 reR, y>0, (15)
uly=o0 = g(z) x € R.

Solution 2.1. We assume that g(x) is integrable to ensure its Fourier transform exists.

Step 1 — Transform the Problem: We take the Fourier Transform of our solution with respect to

x. Let u be a solution to Laplace’s equation, and consider its Fourier transform

a(k,y) = \/% /_Z u(z,y)e * dz.
Since Uy + Uyy = 0, taking the Fourier transform of both sides implies that
—k*a(k,y) + dyy(k,y) =0  y>0.
The solution to this ODE (in y) is given by
a(k,y) = A(k)e ™™ + B(k)e",
where A(k) and B(k) are some yet to be determined functions of k.
Step 2 — Solve the Transformed Problem: Since our solution should decay at co for y > 0 (if it

wasn’t, then its inverse Fourier transform won'’t exist), we have B(k) = 0 for k£ > 0 and A(k) = 0 for
k < 0. The general solution can be simplified as

A(k) k>0
a(k,y) = C(k)e ®lv C(k) = A(0)+ B(0) k=0
B(k) k<0
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We can find C'(k) by using our initial condition,
u(z,0) = g(z) = C(k) =u(k,0) = g(k).
Therefore, the Fourier transform of our solution is given by
ik, y) = g(k)e~ "7,

Step 8 — Recover the Original Solution: We take the inverse Fourier transform of both sides to recover
our original function. However, in order to get an answer that is not expressed in terms of a possibly
complex valued Fourier transform of the initial condition g, we will do a bit more work to write our
answer as a convolution. Let S(x,y) be the inverse Fourier transform of \/%e"k“ﬂ

L IR 1>
S(l‘,y) = 27 ezkwe_yW dk = 27 etkztyk gp. + 7/ ethr—yk J1.
T J oo ) o 7 Jo
1 etkz+yk k=0 1 etkz—yk k=oo
T 2m iz 4y k= | 21 iz —y lk=0

1 1 1
_%(ix—f—y_ix—y)
1 ]
T o224 y2

Since (k,y) = g(k)e *lv = /2rg(k) - e:/\%y’ taking the inverse Fourier transform of both sides and

applying Property 1.4.6.7 implies

_ 1 N i A R S R
) = 7 VR = = 00+ St @) = 7 [ —Hea(ran

Remark 12. Instead of computing the Fourier transform directly, we could use property (11)

and the fact

—alz 1 2a
e

to conclude that (treating k as the variable and y as a constant)

16|k|y] - L}'*l {]:1 [1 2y ” - Ly )
V2m V2w V2ry? +a? T x4+ y?

Remark 13. We need the boundedness assumption to get a unique solution. For example, if u solves
Laplace’s equation, then

|

v(z,y) = u(z,y) + Cy

also solves Laplace’s equation (15) also solves (15) with the same boundary condition for any C € R.

Problem 2.2. (xx) Using the properties of the Fourier transform, recover the formula for the solution
u(z,t) of the heat equation

— Uz =0 R, ¢t >0,
{ut U xr € > (16)

ult=0 = g() reR.
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Solution 2.2. We assume that g(x) is integrable to ensure its Fourier transform exists.

Step 1 — General Solution of Transformed Problem: We take the Fourier Transform of our solution
with respect to x. Let u be a solution to the heat equation, and consider its Fourier transform

7ikx dr

a(k, ) = \/%/

Since uy — uy, = 0, taking the Fourier transform of both sides implies that
Gy (k,t) + K2a(k,t) =0  t>0.

The solution to this ODE (in t) is given by

a(k,t) = A(k)e ™,
where A(k) is some yet to be determined function of k.
Step 2 — Particular Solution of Transformed Problem: We can find A(k) by using our initial condition,

u(z,0) = g(x) = A(k) = a(k,0) = g(k).

Therefore, the Fourier transform of our solution is given by

a(k,t) = g(k)e "

Step 8 — Original Solution: We take the inverse Fourier transform of both sides to recover our original
function. However, in order to get an answer that is not expressed in terms of a possibly complex
valued Fourier transform of the initial condition g, we will do a bit more work to write our answer as

a convolution. Let S(x,t) be the inverse Fourier transform of \/%e_k%,

1 R 2 1 22 < gz 2
S(x,t) = 7/ PRt gl = —6_7/ e (vek Wf) dk
T J_co

27 oo
]. 22 1 > p

= —e i . —/ e dz (See the Remark 15)
2m Vit s

—_
8
M

I
)
fa

geo.e 5
/ eV dy = /7.
J —00

k24
Since di(k,t) = g(k)e 't = V2mg(k) - F taking the inverse Fourier transform of both sides and
applying Property 1.4.6.7 implies

2
—k7t (== 7)2

u(z,t) = FL [\/ﬁg(k) < g(7)dr.

e “in [

This is the solution of the homogeneous heat equation proved in week 5.

] — (g() * S(- 1) (@)

Remark 14. Instead of computing the Fourier transform directly, we could use property (11) and the
fact

z2 — k2

]—'[6_5 ] =e2
to conclude that (treating k as the variable and t as a constant)

2y 1 2 1 [ <¢m>2} 1 _s?
e =F|—=e =—F]|e 2 = -e AT,
} {\/27r } V2

e
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Remark 15. The imaginary change of variables z = \/fkfzzi\/z can be justified using complex analysis,
2
/6_(ﬂk‘iﬁ) dk = — e dz.
R \/{t R—i g2

Assuming =z > 0, consider the contour integral over the closed rectangular path oriented counter
clockwise,

(1) k- s for k from —M to M

2) M + iy for y from —2%/% to 0

(
(3) k for k from M to —M
(4) —M + iy for y from 0 to —=%=

2vVt’
Since e=*" is analytic, the integral over this closed path is 0, so
/ e dz —|—/ e dz —|—/ e dz —|—/ e dz = 0.
(1) (2) (3) (4)
Since e=* is small when the Re(z) = £M, if we take M — oo, the integrals over the regions (2) and

(4) vanish leaving us with
2 s 2 5
e * dz+ e dz=0 = e * dz= e % dz.
R—iz%/z 0o R—iZL\’/? —00
Therefore,

2 oo
/ e~ ihsstn) - e dz = i/ e dz.
R \/% R—iﬁ \/;f —00

A similar contour can be defined when = < 0.

Problem 2.3. (xx) Using the properties of the Fourier transform, recover the formula for the solution
u(x,t) of the wave equation

uttfuw:() $€R,t>0,
u)i=o = g() rzeR (17)
utli—o = h(x) r € R.

Solution 2.3. We assume that g(x) and h(z) are integrable to ensure its Fourier transform exists.

Step 1 — General Solution of Transformed Problem: We take the Fourier Transform of our solution
with respect to z. Let u be a solution to the wave equation, and consider its Fourier transform

u(k,t) = \/% /O:O u(z, t)e ke dz.

Since uy — ug, = 0, taking the Fourier transform of both sides implies that
g (k, 1) + K*a(k,t) =0 ¢ > 0.

The solution to this ODE (in t) is given by

u(k,t) = A(k) cos(kt) + B(k) sin(kt),
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where A(k) and B(k) is some yet to be determined function of k.

Step 2 — Particular Solution of Transformed Problem: We can find A(k) and B(k) by using our
initial conditions,

u(z,0) = g(x) = A(k) = a(k,0) = g(k)

and

>

uy(2,0) = h(z) = kB(k) = y(k,0) = h(k) = B(k) = %

Therefore, the Fourier transform of our solution is given by

w(k,t) = g(k) cos(kt) + ﬁ(kk) sin(kt).

Step 8 — Original Solution: We take the inverse Fourier transform of both sides to recover our original
function. By linearity, it suffices to compute the inverse Fourier transforms of each term separately.
The inverse Fourier transform of the first term follows immediately from 1.4.6.1

. (18)

F Y g(k) cos(kt)] = F~1 [g(;@ e+ e_““] _ gl t+t)+g(z—1t)

2 2

If we define H(x) = [ h(s)ds then H' = h, so 1.4.6.5 implies that

h(k) = FIH (z)] = ikH(k) = —2 =

The inverse Fourier transform of the second term now follows immediately from 1.4.6.1

2 2

7 {h(l::) sn(hn)] = 7[sG ] < Mk D el [

5 = = h(s)ds. (19)

—t

Therefore, using the linearity of the Fourier transforms, the computations (18) and (19) imply that

w(z,t) = F-! {g(k) cos(kt) + h(kk) sin(kt)} _ gt ;g(x L) ;/:H h(s) ds.

This is d’Alembert’s formula for the homogeneous wave equation proved in week 3.

Problem 2.4. (%) Solve the following initial value problems

Up — Upy —U =10 reR, t>0,
t TT - (20)
Ulpmo = €T r eR.
You may leave your final answer as a real valued integral.
Solution 2.4. We will find a real valued integral representation of the solution u(z,t).
Step 1 — General Solution of Transformed Problem: We take the Fourier Transform of our solution

with respect to x. Let u be a solution to (20), and consider its Fourier transform
1 e i
w(k,t) = — u(zx,t)e """ dx.
(t) = o= [ ()
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Since uy — uy, —u = 0, taking the Fourier transform of both sides implies that
¢ (k,t) + K*a(k, t) — a(k,t) =0  t>0.
The solution to this ODE (in t) is given by
ik, t) = A(k)e”*-D1,
where A(k) is some yet to be determined function of k.

Step 2 — Particular Solution of Transformed Problem: We can find A(k) by using our initial condition
(see Problem 1.3)

2 2 k2

u(z,0) =xe”™ 7 = A(k) = u(k,0) = Flze” 7|(k) = —tke™ 7.
Therefore, the Fourier transform of our solution is given by
ik, ) = —ike™ 5 e~ 0P =Dt = _jpe=(R-Di=k5

Step 3 — Original Solution: We take the inverse Fourier transform of both sides to recover our original
function

1 o0 2 k2 .
u(z,t) = — —ike~ DI gtk g
2T /_oo
1
= — — ike” k -1) t_* 'Lka? dk — Zk' —(k -1) t—f ’Lkm dk
wh =
- 2 ,
(k=—k) = ke e ke g L [T e B e g
\/ﬂ ,ﬁ
\/7/ _(k2_1)t_ﬁe“€$ _ —lka: ik
= \/7/ ke~ (=D sin(kz) dk.
T Jo

This is a real valued integral, so we can stop here.

Remark 16. Notice that this computation to express the answer in terms of a real valued integral is
equivalent to taking the real part of our solution,

1 o0 2 k2 .
u x,t = Re _Zke_(k _1)t—761k’$ dk:|
w0 =re| = [
1 > 2 2 ‘ ’
=Re|—= —ike=* =V (cos(ka) + i sin(ka dk] e = cos() + isin(d
Lﬁzw/_oo (cos(kz) +isin(ka)) s(9) + isin(6)

1 o0 2 2
or / ke~ V=D~ gin(kz) dk
™ J -

A K2 —1)t— k2
= f/ ke~ (b —Dt=% sin(kz) dk. the integrand is even
T Jo

Remark 17. In contrast to Problems 2.1 and 2.2, we have an explicit form of the initial condition
so we simply took the inverse Fourier transform in the last step. We went through the extra work
in Problems 2.1 and 2.2 to write in terms of a convolution to avoid leaving our answer in terms of a
(possibly complex) Fourier transform in the initial condition.
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